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ON SOME MULTIVARIABLE GENERALIZED 
TRUESDELL POLYNOMIALS 
R. C. Sinu CHANDEL & S. S. CHAUHAN 


ABSTRACT : Motivated by the work of Chandel and Tiwari [1] and Singh [2], here in the present 
paper we introduce and study multivariable generalized Truesdell polynomials defined by (1.3). Its further 
generalization will also be discussed. 
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1. INTRODUCTION 


Chandel and Tiwari [1] introduced multivariable analogue of Hermite polynomials defined by 


Rodrigues' formula : 


b 
(tay boe nee, s Ctt HR han esc Rn) 


x etm 


n -b 
d 47 (1e hx? 4... + hy x) 


p gu 
where 71,,....,n, are positive integers, while /;,...,,, Fisy are any numbers real or 
complex independent of x,,.....x,.. 


Singh [2] introduced generalized Truesdell polynomials by the Rodrigues’ formula : 


az Ter p)= ter E ) ô =x? 


where n is positive integer and a, p, r are arbitrary numbers real or complex independent 


of x. 


Motivated by the above work [1,2], here in the present paper, we introduce and study 
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amih. Tins Plo Pm) ( 


multivariable generalized Truesdell polynomials po Xj,...,X,) defined by 


Rodrigues’ formula: 


b; 1, sss Plone 
(un. a aaa aa (ee) 
- n n b 
= |i- (æn log% = Py )- ses - (o, log xy, - pt) 
M stm n nal? 
Oy 505 [= (e; log x, — pix, )- - - (o, log x, - puit) 


where n, are positive integers, b, a, r, p, are arbitrary numbers real or complex independent 


of x and 8, = x Ei z],..,m. 
1 


It is clear that 
(14) lim AG ' 


= Ti (xn. pij Tir (mn Pm) 


where 7? (x, 7, p) are generalized Truesdell polynomials of Singh [2] defined by (1.2). 


2. SOME FAMILIAR PROPORTIES OF ô= x 2. 


Here we write some familiar properties of 5, which will be useful in our investigations: 
(2.1) o"(x*3 = ax, 


Q2) Spo) - È (D des), 


(2.3) F(8)(es?f(x)) = es'OF(8 + xg’){Ax)} 
and 


(2.4) eS {Rx)} = Axe’). 
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3. GENERATING RELATION. 
Starting from defination (1.3), we have 
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Now making an appeal to (2.4), we derive the generating relation: 





= bAs Gass Pmi Pi Pm) tj! pm 
3.1 2. Xise Xm] me 
GD —, E uo Me ( mal a 
n Y : 
= i a (o log xy — pix, )- E - (o, log x,, — px, | 
-b 
[ - Ie(log x, * fj) ppe? } a {ot (log Xm + bm) — po Xp e nm } 


4. APPLICATIONS OF GENERATING FUNCTION. 


Through generating function (3.1), we derive 
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5. PURE RECURRENCE RALATIONS 


Differentiating (3.1) partially with respect to £, and equating the coefficients of ty fim both 


the sides, we obtain pure recurrence relation: 
(5.1) | ~ (a log x; — pix] =.. (os log x, — p) 
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which suggests m results in the following unified form : 
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6. DIFFERENTIAL RECURRENCE RELATIONS. 


Differentiating (3.1) partially with respect to x, and equating the coefficients of i1... trm , we 
establish 


(6.1) fı - (a1 log.xy — pix ) - ... = (Om 108 xm - Pmt) 
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which can be furtht written as 
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This result further suggests m differential recurrence relations in the following unified form: 


(6.3) - (o log x; — pixi) ic dum (ctm log Xm — Pm Xi" ) 
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An appeal to (5.2) and (6.3) further shows that 
(6.4) | - (o log xı — nix )- el (am logx, — pax; ) 
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Now for brevity, we consider the operator 


b(pirix) — o) 


(67) p 8 M 8; (i = Yum). 
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Therefore, (6.6) reduces to 
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which further shows that 
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Also from (6.9), we derive 
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7. FURTHER GENERALIZATION. 
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It is quite clear that 
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where Tp (x,r,p) are eneralized truesdell polynomial of Singh [2] 
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8. GENERATING RELATION. 
Starting from (7.1), we have 
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Hence finally, we derive the generating relation: 
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9. SPECIAL CASE 
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In this section, we shall discuss the results for special case (7.3) which can not be derived 
for general case (7.1) 
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By an appeal to (7.3), we have 
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Also from (9.1) we can derive 
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Now differtiating (9.1) partially with respect to 4, and equating the coefficients of a delta 


we obtain pure recurrence relation 


eO ai veftes Pea) 
(9.4) E elm efe [xiso Xa) 


S p irit Ph)... Xm) 


Th stim 


n . . 
n k {n Mp (os ipt; PiP 
TY Py EX (k Je E 4 X(n,..., Xm) 


which further suggests m results in the following unified form: 
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Now diffretiating (9.1) partially with respect to x, and equating the coefficients of 


HAEC IA both the sides, we establish diffential recurrence relation 
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which suggests m-differentional recurrence relations in the following unified form: 
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Also 
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: 
CONCEPT OF SUNYA IN INDIAN ANTIQUITY 


PARTHASARATHI MUKHOPADHYAY 


ABSTRACT : The genesis of 'zero' as a number, that even a child so casually uses today, is a long 
and involved one. A substantial number of persons concerned with the history of its evolution, today 
accept that the number 'zero'— in its true potential, as we use it in our present day mathematics— 
has its root, conceptually as well as etymologically, in the word *Süunya' of Indian antiquity. However, 
the time-frame of its origin is still hotly debated. Furthermore, some recent works even try to suggest 
that a trace of the concept, if not in total operational perspective, might have a Greek origin that traveled 
to India during the Greek invasion of the northern part of the country in the pre-Mauryan period. 

The present article discusses the concept of *Süunya' and the words akin to it, in its broader 
social and philosophical contexts, which eventually paved the path for the evolution of the corresponding 
mathematical concept. It appears very likely that the thread of rich philosophical and socio-academic 
ambiances of Indian antiquity was quite pregnant with the immensity of the concept of ‘Siunya’— 
a dichotomy as well as a simultaneity between nothing and everything, the ‘zero’ of void and that 
of an all-pervading  'fathomless' infinite. 

This paper is a brief survey, for the sake of mathematical community, the present state of affairs 
through various claims and counter claims of the different schools of History of Mathematics, about 
the possible origin of present day mathematical concept of 'zero' along with its symbol, during the 
Indian antiquity. 


Keywords : Süunya, kha, zero, Hellenistic zero, chandahsitra, lopah. 


1. INTRODUCTION 


“History is, by definition, the period for which we have written sources. In this sense, the history 
of Western civilization begins roughly about 3000 BC. In its 5000-year history, different nations 
have, over time, occupied centerstage by virtue of intense displays of complex activity"—so 
observed Leo Depuydt,[13] a noted historian of Antiquity. Going by such a ‘definition’, one 
may easily be tempted to reach a conclusion as follows:“Our current numbering system is Indian 
in origin and took shape during the period of cultural and intellectual splendour that took place 
along the valley of the Ganges from the mid-III century to the mid-VI century AD. During 
this period, the Gupta dynasty reigned the region."[15] 


The author would like to thank the UGC and INSA for their support towards presenting a talk based 
on this paper at the XXIII International Congress of History of Science and Technology at Budapest, 
Hungary, during 28th July to 2nd August, 2009. 
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The aforesaid ‘definition’ cannot be of much help and needs to be taken with a pinch 
of salt, if one were to trace the genesis of mathematical knowledge in Indian Antiquity, 
particularly in the pre-Christian era, perhaps dating back to several millennia further, owing 
to the complete unavailability of written documents pertaining to this period. However, from 
the huge collection of available documents of later dates!, beginning from the early Christian 
era, where one may find regular references to ancient works of amazingly lofty philosophical 
depth of thought, mingled with occasional flashes of extraordinary scientific sophistication, 
it goes without saying that the remote antiquity in India cradled a civilization of a very high 
order. As Sri Aurobindo observes "Power of the ancient Indian spirit was a strong intellectuality, 
at once austere and rich, robust and minute, powerful and delicate, massive in principle and 
curious in details” [3] It is with this background of the social context and ambiance of the 
Indian Antiquity in mind, that one must try to judge the possible potential mathematical 
developments, as testified passively by various apparently non mathematical resources, in case 
of the absence of direct mathematical testimony. In this article we shall try to throw some 
light in this direction, with an intention to illuminate some of the mystic and shadowy corners 
of this great culture. 


In a recent scholarly book Kaplan[34] observes: *Perhaps the world would be better 
and the past more attractive if some dead Indian had devised the hollow circle for zero rather 
than some dead Greeks (though I can't see why, especiaily since the concept matters more 
than its marker, and the concept, as we have seen, goes back to some dead Babylonians).” 


However, the Babylonian place-value system was sexagesimal, or based on the number 
60. Some historians believe that its influence in India is found in the later astronomical works, 
(though this hypothesis is not widely accepted) but not in early India[42]. And the Babylonian 
symbol of zero, found inscribed in their clay tablets, denoted by two slanted wedge signs, as 
one may find in Labat's Manuel D'Épigraphie Akkadienne Paris (1948) or Kugler's 
Babylonische Mondrechnung, Tafel II (and its transcription, pp.34), (1900) was only a 
placeholder, sign of separation, which was never used alone as a number in its own right.[25] 
There is no zero in the scientific texts of the first Babylonian Dynasty, and the figure is hardly 
attested in any texts prior to third century BCE(25](pp. 153). Mathematicians seem to have 
used the zero in the intermediate position of a number only, but the astronomers used it not 
only in the middle but also in the final and initial positions of numerical expressions?. 
Furthermore, the double wedge symbol for zero had the meaning of “void”, but it does not 
appear to have been imagined as “nothing”. Ifrah [25] cites certain examples of mathematical 
tablets from Susa depicting cases where numerical calculations were being done. When the 
outcome of a calculation resulted in a clearcut ‘zero’, the scribe seemed to be at a loss, and 
instead of inscribing their slanted double wedge there, either left the place vacant, or had 
recourse to expressions like “the grain is finished." This allows us to conclude, following 
Ifrah[25], that “the concept of ‘void’ and ‘nothing’ both existed (in Babylonian mathematics). 
But they were not yet seen as synonyms." 
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However, we are fortunate to have ample inscriptions on clay tablets bearing, among 
other things, monetary documents, testifying to the mathematical knowledge and skill of that 
period, from as early as pre-Sargonic era (the first half of the third millennium BCE), that 
these ancient Sumerians have bequeathed to us. It is a pity that no such document of early 
Indian Antiquity is extant. Before we begin to interpret the thoughts and history of this bygone 
era, we humbly recall Baruch Spinoza (1632-1677) : ‘Not to ridicule, not to mourn, never to 
detest, but try to understand’?. 


2. HISTORIOGRAPHIC PROBLEMS 


“Some of the chief historiographic difficulties surrounding Indian mathematics traditions 
include the fact that, the European scholars who encountered Indian mathematical texts in 
the eighteenth and nineteenth centuries were often completely at sea concerning the ages of 
the text, their interrelationship and even their identities. The sheer number of such works and 
the uncertainty surrounding the most basic chronology of the Sanskrit literature gave rise to 
great confusion, much of which survives to this day in discussions on Indian mathematics.”(48] 


Though some pioneering contributions of the Indian mathematicians of ancient period 
are generally acknowledged, there are reasons to believe that many famous historians of 
mathematics, while trying to find their way through this bewildering maze of extant Sanskrit 
texts towards establishing the exact nature and content of the Indian contribution, with a special 
focus on their period of inception, “found what they expected to find, or perhaps even what 
they hoped to find, rather than to realize what was so clear in front of them."[43] 


As a matter of fact, a good volume of mathematical works available for scholarly scrutiny 
is embedded in the contexts of medieval Indian astronomy and astrology, not naturally familiar 
to the European scholars. Furthermore, the presentation of these texts is usually found to be 
in highly compressed Sanskrit verses, frequently cryptic to the point of being obscure, and 
that too, not always in the present form of Sanskrit, but in what is called the Vedic Sanskrit, 
alien in appearance to a non specialist. “Further, many texts, even on technical subject like 
jyotisa, were ascribed to the revelations of gods or legendary sages. This attribution expunged 
the historical contexts of the works to stress the divine importance of their content. Similarly, 
even historical human authors frequently omitted biographical information and other contextual 
details as irrelevant and unnecessary. This sometimes makes it difficult to distinguish between 
human and allegedly divine authors."[48] All these difficulties took their toll on the early 
surveys of Indian sources, “which often tended to portray the Indian mathematical tradition 
as a record of discoveries or contributions, classified according to modern mathematical 
categories and important in proportion to their originality or priority.” The context for 
understanding Indian mathematics in its own right, as an integral part of the social and cultural 
ambiance of Indian Antiquity, was generally neglected. There was yet another menace. “The 
historiography of science in India has long been co-opted for political purposes. Most 
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notoriously, some nineteenth century colonial officials disparaged local intellectual traditions, 
which they termed "native learning", in order to justify the westernized education for future 
colonial servants."[48] Adding to the injury is the fact that much of the desired data is simply 
unavailable from India's historical records, as far as the present state of information in this 
regard is concerned. Plofker[48] also points out, “...it is only around the middle of the first 
millennium CE that one finds the first surviving complete Sanskrit text in the medieval tradition 
of mathematical astronomy"— quite a frustrating state of affairs, more so, as it is known beyond 
doubt, that several surprisingly advanced civilizations with rich philosophical, linguistic and 
scientific culture flourished in India, predating the Christian era by millennia. This unfortunate 
information vacuum has given rise to an almost chaotic condition with myths and controversies, 
claims and counter claims, disputed ‘proof’s and fallacious presumptions. At one extreme we 
find the conscious shaping up of the history according to some pre-conceived ‘Eurocentric’ 
bias amounting to the doctrine aptly summarized by R. Rashed as “Classical science is 
European and its origins are directly traceable to Greek philosophy and science" and at the 
other we have the “bandwagon of nationalist historiographers, who are obsessed with 
establishing the Indian priority in every aspect in the history of ideas" [55], often putting 
forward extravagant claims to the autonomy or antiquity of their scientific tradition. They 
present some evidences as irrefutable proof which the other group promptly rejects as forgeries. 
However, many of the generally accepted conclusions are nonetheless not definitely proved, 
and many revisionists or minority views have achieved widespread popularity. As a result, a 
shift in the focus of opinions regarding certain claims and counter-claims in this very dynamic 
and vibrant area of study has become quite commonplace. As for example, one may cite the 
issue of originality of the parameters of the planetary revolution of Aryabhata, which is 
nowadays generally accepted as being independent of the Greek sources.? However, it has been 
strongly debated in a recent book by Plofker[48] [pp. 115-120]. However, the crux of the 
historiographic enigma regarding the mathematical sciences in Indian Antiquity is ultimately 
poised at the questions of when, how and by whom these texts were composed, and "these 
questions still have no universally accepted answers in most of the cases.” 


3. ENIGMA OF MIGRATION 


While talking about ‘Indian Antiquity’, which refers to the known period of history up to around 
6th century A.D., it is important to realize that, the group of inhabitants it refers to, particularly 
in the remote antiquity is still somewhat shrouded in mystery. Who were these people, 
supposedly so preoccupied with the pursuit of timeless spiritual knowledge, rather than the 
recording of mundane events of daily social life? This could have been called their *history'— 
a term, which so rarely, if at all, can be ascribed to any available literature belonging to the 
vast corpus of Sanskrit texts. Where did they come from, or did they originate here, in India? 
However, it must be kept in mind that, while referring to India in antiquity, as per common 
norms, one takes into account the entire geographical locus of the present day nations of 
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Pakistan, Nepal, Bangladesh, Sri Lanka, along with present-day India. Analysing the available 
references from their spoken language, an archaic form of Sanskrit, in which the earliest known 
texts, called The Vedas, were composed, a school of linguists categorise them as Proto-Indo- 
European, which refers to various Indo-European themes and motifs found common in this 
culture to that of some ancient European ones. However, it is observed that the origin and 
diffusion of the common ancestral Indo-European cultures are still quite problematic. [48] It is 
generally proposed that a group of peoples, originally belonging to that culture, once came down 
to the Indian soil, through the high-altitude mountain passes of the Himalayas and eventually 
got settled there. This theory of the origin of Vedic Aryans, is usually referred to as the Arian 
Invasion Theory, or as the Arian Immigration theory, as some might prefer to call it. However, 
there are numerous difficulties with most of the features of this hypothesis. [48] 


Contesting this hypothesis, one has the so-called Indigenous Aryan Theory, where one 
has no need to link the Vedas and their language to a hypothetical Indo-European expansion 
over the Afgan highlands. This theory claims that the prehistoric agrarian-urban culture of 
Indus Valley civilization, centered at Harappa, identified during an excavation in 1921-22 and 
Mohenjo-Daro, found around the same time, which flóurished during the mid-third millennium 
BCE near the Indus river around Sind and Punjab, was the Vedic Culture in reality. 
Comparatively recent excavations, in nearby locations, have revealed sites like Mehrgarh, 
(excavation started in 1974, under a French archaeologist, J.F. Jarrige, near Bolan pass which 
is about 150 km from the Pakistani city of Queta) which is believed to have cradled an urban 
civilization that dates back to 7000 BCE. It appears that one can claim with confidence that 
the extraordinary advancements found in various facets of the Harappan civilization like 
agriculture, architecture, manufacture and trade were not a sudden development, but a gradual 
culmination of these various other folk cultures and urban civilizations, predating it by quite 
a few millennia. 


Yet another hypothesis, called Out of India, not conforming much to the linguistic angle, 
suggests that instead of a few Indo-Europeans coming down to the subcontinent through the 
mountain passes, perhaps most Indo-Europeans had gone out of it! However, this theory also 
has several other weak points, as the evidences of Vedic Sanskrit culture, mostly textual, do 
not tally with that of the Indus Valley and related ones. These are mostly archaeological ın 
nature, and hence difficult to compare, given that, in spite of numerous claims, a large collection 
of the Harappan epigraphs is still undeciphered[20]. Indeed, even this much is not known with 
certainty, whether they form a part of some ancient script or are merely nonlinguistic signs. 
However, early Vedic hymns do not refer to cities or wheat, well known in the Indus culture. 
On the other hand, archaeological excavations did not reveal remains of some very common 
characteristic Indo-European items like horses or chariots. Though analysing the evens and 
odds of these hypotheses, the Arian Immigration theory is presently considered to be the 
standard accepted narrative of the origin of the Vedic Civilization, one must categorically point 
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out that, there is little definite evidence concerning various aspects of this theory. [48] It is 
also worth mentioning that, it is not known whether the ancient civilizations of Mohenjo-Daro 
and Harappa still existed when India was ‘invaded’ by the Aryans, or whether their writing 
had developed during this period?. 


4. EARLY VEDIC PERIOD 


The sacred Vedas, whose name has the same root as that of the word vidya which literally 
means ‘knowledge’,? are often considered the fountainhead of learning, preserving the 
knowledge and doctrines of remote antiquity.[48] The corpus of ‘Vedic Texts’ includes the 
four samhitds, the oldest layer (c. 1000 BCE) of Vedic literature. They are collections of hymns 
and rituals—namely the Rgveda, Yajurveda, Samaveda and Atharvaveda, of which the Rgveda 
is the oldest. The next phase of Vedic literature, consisting of the commentaries on samhitás 
are found in the Brahmanas (c.800 BCE) and Áranyakas (c. 700 BCE), as well as explanatory 
and philosophical works in Upanisads (c. 600-500 BCE)!°. One can find some references to 
the study of mathematics as a branch of aparàávidyà, the worldly knowledge, in the Mundaka 
Upanisad and Chàándogya Upanisad. In the first millennium BCE, the division of learning 
included not only the Vedic texts themselves but also the six auxiliary limbs known as Vedüngas 
or sadrgas. These supporting disciplines of the Vedas, “were composed due to a conscious 
and meticulous effort towards preservation of the meaning and external forms of the mantras 
of samhitas” [16] These are, !! 


SiksG i.e., phonetics, dealing with the description of vowels and consonants towards 
ensuring the most correct reading of the Vedas and unfolding their inner truth; 


kalpa i.e., ritual practice, which specified the details of the various rites; 


vyükarana i.e., grammar, important for a correct understanding of the exact meaning 
of words through perfect utterance; 


nirukta i.e., etymology, as complementary to the grammar, enabling one to discover the 
primary deity of a stanza of hymns which may bear the characteristic marks of more than 
one deity, thus helping to perform the sacrifice with perfection; 


chandas i.e., prosody or poetic metrics, which ensured the proper preservation and 
comprehension of the archaic verses of the hymns; and 


Jyotisa i.e., astronomy and calendrics, which determined the proper times for performance 
of the rites. 


In Pàniniya $iksa we have the following verse: 


Chandah padau tu vedasya hastau kalpo’tha pathyate 
jyotisim ayanam caksur niruktam rotam ucyate 
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fiksa ghraénam tu vedasya mukham vyakaranam smrtam 
tasmat süngam adhity aiva brahmaloke mahiyate. 


Chandas are the feet of the Vedas, Kalpa the hands, 
Astronomy the eyes and Nirukta the ears; 
$iksa constitutes the nose of the Vedas, Grammar is the mouth. 


All these Veddrigas may be divided into two groups, explanatory and customary. Kalpa and 
jyotisa fall into the second group while the others belong to the first. The Vedic texts are 
generally known as Sruti, ‘heard’ via divine revelation, hence apouruseya; the limbs of the 
Vedas, on the other hand, are called smrti, remembered from human tradition. In the post- 
Vedic era of what is known as Classical period, one finds an enhanced form of jyotisa that 
incorporated not only astrology but also computational methods in general, known as ganita, 
the science of calculation, i.e., mathematics. The exact sciences and most other branches of 
smrti learning were called Sastras, i.e., ‘teachings’. In the Vedàriga jyotisa one finds the mention 
of the supreme importance of mathematics depicted in the following verse: 


yathā Sikhà mayürünüm nāgānām manayo yatha 
tadvadvedangasastránam ganitam mürdhani sthitam 


Like the crest of a peacock, like the gem on the head of a snake, 
so is mathematics at the peak of all knowledge. 


However, though the importance of mathematics is so ceremoniously pointed out at such an 
early stage of Indian Antiquity, unfortunately no exclusively mathematical work of the remote 
part of this period is extant, except perhaps, the Sulbasütras!?. Composed in Vedic Sansknt, 
the works of this period are primarily religious in content, ‘as it was believed that True 
knowledge of whatever sort was necessarily a part of the fundamental truth of the Vedas', 
but they tacitly embody a significant amount of mathematical knowledge, chiefly astronomical 
in classification, which was perhaps necessary to determine the exact timing for the rituals 
and rites to be performed. Again, the accurate construction of the altars (vedi) and fire-places 
(agni-kunda) for sacrificial rites was necessary and perhaps that paved the way for the 
development of geometry!? that comes to us codified in the manuals, called Sulbasürras, 
associated with the Yajurveda. Four of them, Baudhàyana, Manava, Ápastamba, Kütyáyana,* 
form separate treatises, the rest are chapters or parts of chapters of the corresponding 
Srautasütras[2]. These are the most extant mathematical documents of Indian Antiquity known 
to us, as of now, the earliest one (Baudhdyana) among them being placed around c. 800 BCE, 
justified through its pre-Paninian linguistic character, and the latest one (Karyayana) being 
somewhere around 200 BCE[39]!°. However, there are strong evidences favouring the fact that 
the knowledge of sulba mathematics dates back to the Samhitds and Brühmanas, and the Sulba 
authors themselves ‘emphasise that they were merely stating facts’ known to the earlier 
seers.[16] Regarding the tacit presence of mathematical concepts in religious texts, for example 
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decimal nomenclature of numbers of astonishingly high order, not in figures of course, but 
with the names of the numbers, numerous examples can be found in many treatises dating 
back to the Samhitas—the earliest phase of Vedic literature,[18],[16], clearly predating 1000 
BCE, even by moderate estimates.[42] 


In the early Vedic society, veneration for Sanskrit exalted it as sacred speech, Devabhàsà, 
“whose divinely revealed texts were meant to be recited, heard and memorized collectively 
rather than transmitted in writing".[48] Naturally it gave rise to the necessity that such texts 
be composed in formats that could be easily memorized. It was done in two modes, either 
through condensed prose aphorisms, called sütras,!ó or in verse form, particularly in the classical 
period, beginning in the late first millennium BCE. With the passage of time, the second form 
of presentation brought in numerous synonyms of a single term, for example, a number name, 
coined from different socio-cultural perspectives!” and invoking ‘poetic license? these were 
used freely, presumably due to the metrical need of the form of composition. Naturally, the 
practice of according preference to the ease of memorization sometimes came in the way of 
ease of understanding. As a result, most of the treatises are found to be supplemented, at a 
later period of time, by one or more prose commentaries or notes, called (bhdsya) or tika 
respectively. Often more than one in number, these works were composed by different authors 
writing from time to time on the same original text, who took more care either over the need 
of preservation and proper interpretation of the past knowledge or improving upon the 
previously available version by including in it their own reflections and interpretations, thanks 
to which we have extremely useful information about the nature and content of the original 
texts, most of which are not extant. 


5. SUNYA IN VARIOUS FORMS OF PERCEPTION 


In ancient India, the usage of the term Siinya had a much broader significance as is revealed 
from various extant texts of the Indian antiquity as opposed to the much narrower literally 
translated present day meaning attributed to it through the term ‘zero’. A study of this subject 
leaves one with a sense of wonder at the awesome depth and breadth of ancient Indian thought. 


5.1 Sünya in philosophical context 


In various perspectives, the Sanskrit term $nya does not only convey the sense of void or 
mere nothingness, but also reveals that of perfect fullness (i.e., parna)!5, a divine infinititude 
(i.e., ananta) through its association with the metaphysical idea of ‘ether’, the vast expanse 
of limitless space (found in a wide variety of terms like kha, gagana, ákàsa, ambara, vyoma, 
antariksa), and sometimes a receptive vacuum,'the unformed and the essence of all that is 
uncreated', like what happens after the destruction of the universe (i.e., pralaya) by Siva— 
the eternal destroyer, a vacuum pregnant with the immensity of creation of a new infinite 
universe (i.e., srsti), created out of the sūnya by Siva—the eternal creator. “The vacuum is 
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truly a living void, pulsating with endless rhythms of destruction and creation'®”, the duality 
between the minutest of the minute and the greatest of the great, the Brahman, perceived as 
anor aniyün mahato mahiyan”®. 


Is the presence of nothing i.e., Siinya (reflecting non-existence), different from the absence 
(akin to voidness) of something or anything (reflecting non-availability)? [28] The Sanskrit 
word fünya?! is probably derived from sind, [as Sind + yat], which is the past participle of 
Nfvi, which means ‘to swell’ or,‘to grow’, and therefrom by semantic extension, ‘hollow’. In 
Rgveda, one may find another meaning : ‘the sense of lack or deficiency’. “Jt is possible 
that the two different words were fused to give Siinya a single sense of absence or emptiness 
with the potential for growth”[28], a womb-like hollow, ready to swell. Its conceptual derivative, 
fünyatà, the state of void, is described in the Nasadtyasukta of Rgveda”. According to the 
teaching of the Tantra, both átman and Siva are to be conceived as voids, ‘undifferentiated , 
formless entity’*, in the first one (ütman) the divine qualities of Siva have not flourished yet 
and the objective of ‘this void’ (Gtman) is to attain the ‘other void? known as Siva.[8] In this 
context, one may also refer to the Ma@dhyamika school of the Mahayana Buddhist's doctrine 
of devoidness, (Siinyavada i.e., nihilism, of the philosopher Nagarjuna) who argued” in favour 
of the spiritual practice of emptying the mind of all impressions. According to this doctrine, 
the highest form of knowledge, prajfiapáramita, is the perception of everything phenomenal 
as fünya, the pure void. Complete Siinyata is the same as nirvana, which ‘encompasses the 
end and the beginning’. But how to attain this state of nya? According to Ndgasena, a 
philosopher of the same school, it is to be done by stepwise negating (subtracting or taking 
away) all the parts of a thing. It soon paved the path for the corresponding mathematical 
development of thought, particularly among the Buddhist school—" just as emptiness of space 
is a necessary condition for the appearance of any object, the number zero, being no number 
at all, is the condition for existence of all numbers" [28] 


52 Sünya in mathematical context 


To discuss various facets of the mathematical $Znya in Indian Antiquity, the following 
perspectives are of paramount importance: 


(i) to trace the concept of fünya, within the frame of a place-value system; 
(ii) the symbol(s) used for Sanya and 


(iii) the fundamental mathematical operations with the digit Sanya, considered as a digit 
in its own right. 


The first pursuit, an involved one, will be done at length separately in the next section. 


Symbol(s) used for $ünya: 
As far as the symbol for Sanya in early phase of Indian antiquity is concerned, if there was 
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any, and we shall argue in the later sections that there is every reason to believe, not parochially, 
that there was, in all probability, some such symbol in vogue,*® unfortunately no direct evidence 
such as inscriptions or written documents favouring this argument is extant. So here again, 
one has to have recourse to the indirect analysis gingerly, via the socio-cultural root, in search 
of possible lingual mention of any such symbol. The earliest symbol for Sanya in India perhaps 
was a bold dot (bindu?’), referred to as *ünya-bindu in the extant literatures composed around 
the early centuries of the Christian era. The association between the concept of zero and its 
symbol is found in a literary work (Vasavadattà by the celebrated Sanskrit fictionist Subandhu, 
(ca. 400 CE[28], however B.B. Datta[10], Kaplan[34] place it in 620 CE) : 


“The stars shone forth, like zero dots (Sinya-bindavan)—scattered in the sky as if on 
the blue rug, the Creator reckoned the total with a bit of the moon for the chalk?8, 


This idea was dormant in the Vedic literatures as well. The word ksudra (literally 
meaning, very small) is found in the Atharvaveda?* (XIX. 22.6 [51]) in comparison with rca, 
the positive and dnrca, the negative numbers.[10]?? It seems quite natural that the word numerals 
equivalent to Siinya like randhra (meaning a hole) found in AmarakoSa or its synonym chidra?! 
(meaning a puncture mark), gradually got enfigured into the round symbol of Sanya, a solid 
circular dot to begin with, and then at a later stage only the peripheral circle, perhaps to save 
time required for, or to avoid the botheration of, darkening its interior. i 


The Baksālī Manuscript? —the most ancient mathematical document of Indian Antiquity 
known so far, was found in 1881 at a place called Bakíali, about eighty km. north-east of 
Peshawar (now in Pakistan), by a farmer who dug it up while cultivating a land. The untitled 
manuscript, written on birch-bark, is composed in Gathd language (a modified form of prakrta) 
and the scripts used are recognised as an earlier type of Saradá, once used in the Kashmir 
region of Indian subcontinent. In the seventy fragmentary leaves of the document, which is 
now extant, one finds numerous intricate calculations involving decimal place-value notation 
of numerals, including a solid dot?? for the digit Sanya.[11] The time and purpose of composition 
of this text is widely debated. The work has never been quoted or mentioned in any other 
works and might even be just an exercise compiled by a scribe.*4 Estimates of the date of 
this work range from as early as the 2nd Century of BCE up to the 12th century CE; however, 
as per some recent writings, it is believed to be not much later than 7th century CE.* 


As far as the first written undisputed?6 evidence (stone inscription) of the use of ‘zero’ 
as a decimal digit is concerned, depicted as a neat round circle and found in Indian soil, as 
of now, one may find it in the two stone inscriptions of Gwalior’ (875/876 CE), discovered?? 
in the nineteenth century. 


S.C. Kak[31],[32],[33] while working on the origin of the sign of zero in India, explored 
possible links between Brahmi numerals and some Indus symbols. He came to the conclusion 
that “the Indus 5 and 10 became the corresponding Brahmi signs", from which he proposes to 
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push back “the ancestry of the zero sign to the third millennium BCE.” However, since no 
decipherment of Indus scripts is yet accepted in general, this can be regarded as a minority 
view. 


Mathematical operations with $ünya: 


Apart from the Baksali Manuscript, of which the time frame is hotly debated, many examples 
of two fundamental operations by the zero (referred to as kha, sünya, ambara) viz. that of 
addition and subtraction can be found in Pafchasiddhantika of Varühamihira (505 CE). 
However, these are described in language and not by symbols[10]. Clear mathematical 
computations involving zero along with the formulations of rules necessary for such calculations 
are found in Brahmagupta's?? (b. 598 CE) work Brahmasphutasiddhünta (completed in 628 
CE). He treated ‘zero’ (referred to as kha) as a separate number, neither positive (dhana) nor 
negative (rna). In chapter seven, on Ganita, while dealing with the formulations of norms of 
operation among various types of numbers, he states in clear terms 


‘dhanayor dhanam rnam rnayor dhanarnayor antaram samaikye kham', 


which means, ‘[the sum of two] positive [number]s [is] positive, [that of two] negative 
[number]s [is] negative, [the sum of one] positive [number and one] negative [is their] 
difference, [the sum of] two equals [opposite in sign, is] zero'[60] 


—a mathematical principle to the effect that x — x = 0, treating zero as a number in 
its own right. From his time onwards, one may find in the Sanskrit texts on mathematics (mainly 
devoted to Astronomy) a separate section entitled funya-ganita, i.e., computation with zero, 
which clearly indicates that the special status of zero in mathematical calculation was strongly 
established in the Indian academia by that time. Many more examples intermingled with the 
concept of place-value arithmetic are given in the next section. 


6. DECIMAL PLACE VALUE AND ZERO 


“India gave (the) world a priceless gift—the decimal notation. This profound anonymous 
innovation is unsurpassed for sheer brilliance of abstract thought and utility as a practical 
invention. The decimal notation derives its power from two key strokes of genius : the concept 
of ‘place-value’, and the notion of zero as a digit."[16] 


Undoubtedly, the concept of zero is most instrumental in making a place-value system 
work. It may apparently seem quite nonsensical an idea 'to have a symbol that represents 
nothing’, but this idea, in harmony with the other numerical symbols ?? needed for the system, 
is precisely what makes a positional numbering i.e, a place-value based enumeration system 
work. Since there exist infinitely many numbers, to be able to write any one of them, however 
large, by merely using ten symbols (hence called the *decimal' system, nine symbols for one 
to nine and the tenth one, for zero) was a truly a prodigious intellectual achievement of the 
Indian scholars of remote past. 
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It is worth quoting the famous French mathematician Pierre Simon De Laplace (1814) 
in this regard : 

The ingenious method of expressing every possible number using a set of ten symbols 
(each symbol having a place-value and an absolute value) emerged in India. The idea 
seems so simple nowadays that its significance and profound importance is no longer 
appreciated. Its simplicity lies in the way it facilitated calculations and placed arithmetic 
foremost among useful inventions. The importance of this invention is more readily 
appreciated when one considers that it was beyond the two greatest men of antiquity, 
Archimedes and Apollonius. [25] 


The principle of place-value system assigns to each digit of a number a certain value 
(called the ‘place-value’) by virtue of its position (i.e., place) in that number. The decimal 
place value system, for example, assigns the place value one to the 'place' in the extreme 
right, often called the units place; the ‘place’ immediately left to it gets the value ten, followed 
by the ‘places’ of hundred, thousand, ten thousand and so on in a leftwardly direction. Clearly, 
each ‘place’ has a place-value which is a certain power of ten, hence the name decimal. For 
example, if we look at the number 2009 in this system, the digit (called arika in Sanskrit, 
which literally means ‘mark’) 2 having the intrinsic value two, stands for the value ‘two 
thousand’ by virtue of its being in the thousands place, while the digit 9, being in the units 
place, represents the value nine, which happens to be the intrinsic value of that digit as well. 
Observe that the two zeros standing in the middle, respectively occupying the tens and the 
hundreds place, do not apparently show up in the number name of 2009 (which is two thousand 
nine) but they do contribute to it, from behind the screen, in the sense that, it is their presence 
in the right *place' that has allowed the digit 2 to occupy its correct *place' for the decimal 
shaping of this number. This is an example of the powerful role of the digit zero as a placeholder. 
In the language of G.B. Halsted[21]: The DIE of the creation of the zero mark can 
never be exaggerated. 


This giving to airy nothing, not merely a local habitation and a name, a picture, symbol, 
but helpful power, is the characteristic of the Hindu race whence it sprang....No single 
mathematical creation has been more potent for the general on-go of intelligence and 
power. 


In a recent well-researched exposition A.K. Dutta[16] aptly poitned out that, “In the 
decimal representation through words, terms of powers of ten plays the role of place-value 
principle". Such concept can be found in the early Vedic text called Vajasaneyt Samhita 
(XVIL2) of Sukla Yajurveda in a prayer of seer Medhátithi, where one can find the names 
of specific terms for each power of ten up to a billion, where each term is defined to be ten 
times the preceding one (for example, daa dasa a Sata, i.e., ten times ten is a hundred, dasa 
fata a sahasra, i.e., ten times hundred is a thousand, etc., going up to 10!2, called parardha)*'. 
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One may further refer to Gupta[18] for similar examples in other Sahrhità and Brahman a texts. 
Instances of number names in conformity with decimal place-value representation can also 
be found in Rgveda—the oldest text among the Vedic corpus. Take for example, sapta Satani 
vimSatih i.e., seven hundred twenty [I.164.11], and sahasrani Sata dasa i.e., one thousand one 
hundred ten [I1.1.8].[16]42 Ample evidences can be cited to claim that right in the era of the 
Samhitàs, any number at least up to a billion, if not more, could be represented by word numerals 
verbally, using the nine word numerals [viz. eka (one), dvi (two), tri (three), catur (four), pafica 
(five), sat (six), sapta (seven), asta (eight), nava (nine)] and the names indicating their position 
within a number in appropriate powers of ten. Dutta[16] observes “to arrive at a written decimal 
notation from the above terminology, one has to simply suppress the place-names from a given 
numerical expression provided one has an additional tenth numeral as a placeholder to indicate 
the possible absence of the nine numerals in certain places. Thus one can conclude that the 
structure of the Sanskrit numeral system contains the key to the decimal place value system.” 


There are evidences to suggest that Buddhist scholars of ancient times were also well 
versed in the use of decimal place-value system and that knowledge of Ganita was considered 
important. The period from 500 BCE to 900 CE coincides with the rise and dominance of 
Buddhism. In the Lalitavistára, biography of Gautama Buddha (b. 562 BCE), which may have 
been written around the first century CE, one finds Buddha enumerating to a mathematician 
Arjuna, upon being challenged by him, successive number names in powers of 10, beginning 
from a koti i.e., 107 up to 10°, tallaksana.? 


In Valmiki Ramayana, while giving the exact strength of Rüma's army, one may find 
(6.28.33-41) the use of laksa scale, in which the next term is 10? times of the previous one, 
giving terminologies of numbers up to 109? (mahaugha) beginning from 107 (koti). A.K. Dutta 
has cited plenty of references[16] of place-value system being used in the various early Sanskrit 
texts, enumerating numbers up to as large as 104?!- Among them, one example of reference 
to decimal system is found to be in the great Hindu epic Mahabharata. In the Vanaparva section, 
one finds a scholar, Bandi by name, debating with Astavakra in the court of king Janaka saying 
: navaiva yogo gananeti $afvat, which means nine is the perpetual number of symbols one 
combines in calculation. B.B. Dutta (who later became known as Swami Vidyüranya), a pioneer 
among the historians of mathematics in early India, observed that, if the names involved in 
the aforesaid instance truly reflect the antiquity of the legend, then it will not be far-fetched 
to infer that the decimal place-value system was in use during the Brahmana period of Vedic 
culture.[51] However, this does not form a strong evidence, as the exact time of original 
composition of this epic is uncertain and it is believed to have gone through several later 
alterations and additions. 


The sufficiency of nine symbols, as mentioned above, if taken verbatim, may raise some 
eyebrows. Indeed, one has to presume that there was another symbol, denoting the absence 
of those nine, as otherwise, without such a notation, nine symbols would not have been adequate. 
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However, time and again, a school of scholars, sometimes referred to as the ‘Eurocentric’ school, 
(as according to their doctrine, the whole of the ancient mathematics is believed to have their 
European roots, be it in Greece or in Babylonia) have pointed out similar instances and 
examples“, particularly pointing out the early Latin works/translations of the Arabic 
assimilations of Hindu works on mathematics. Some recent arguments in this direction may 
be found in Kaplan[34] [pp. 46]. 


A clear formulation of a rule pertaining to the decimal place-value based enumeration 
is found in the works of the famous Aryabhata I (b. 476 CE)9 who writes 


ekam dasa ca fatafica sahasramayutaniyute tathà prayutam 
kotyarbudafica brndam sthanat sthanam dasagunam syat*, 


the last part of which can be translated as, (in a number) from one ‘place’ to the next, 
the place value is increased ten times. 


Jinabhadra Gani (529-589) in Brhatksetra-samasa, depicting a clear knowledge of zero 
in a place value system, gave the number 224400000000 as 


dvi vimsati ca catuscatvárimáati ca asta Sinyani 
‘twenty-two and forty four and eight zeros'[25], [11] 


Another example found in B.B. Datta, from the middle or end of the sixth century is 
of Siddhasenagani. While commenting on Tattváürthadhigama-sutra of Umdsvati, a Jaina* 
mathematician of the Svetümbara sect, Siddhasena employed decimal place value numerals 
in his calculations, as has been elaborately shown in B.B. Datta[11]. Again, in the commentary 
by Vydsa on Patafijali’s Yogasütra (3.13) (7th century CE) one finds the following principle 
of enumeration: 


yathaiká rekha Satasthane fatam dasasthane daéai 'kà caikasthane....[42] 
“just as the rekhd (a vertical line denoting one) connotes a hundred in the ‘hundreds’ place, 
ten in the ‘tens’ place and one in the ‘units’ place.......” 


In a recent encyclopedic work on this subject, Ifrah,[25][pp. 416-418, quoting a personal 
communication of Billard on an anonymous work published from Sholapur in 1962 ] argues 
at length to present an irrefutable proof of the existence of decimal place-value system with 
zero being used in harmony with it, in a 5th century CE Jaina work on cosmology, entitled 
Lokavibhdga (meaning, The Parts of the Universe). Interestingly, using astronomical information 
available in two particular verses (no. 52 and 53) of the text itself, one can decipher the exact 
date of its completion to be precisely on Monday, 25 August, 458 CE, whereby Ifrah concluded 
it to be “the oldest known authentic Indian document to contain the use of zero and decimal 
numeration.” However, this is not the end of the story. Translating the content of the verse 
no. 51, Ifrah points out that “These could and very probably does mean that the current version 
of the Lokavibhdga is an exact (Sanskritized) reproduction of an original (probably written in 
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a Jaina dialect of Prakrt) which was written before 458 CE, by some Muni Sarvanandin". But 
when did this Muni live? A hundred or a few hundred years back? With a touch of frustration, 
Ifrah comments “We will never know." Perhaps posterity willl 


Without making the list any longer*® we conclude this section by quoting A.L. Basham’s 
words of praise[4] for the unknown inventor of the decimal place-value system: 


“Most of the great discoveries and inventions of which Europe is so proud.....would have 
been impossible if Europe had been shackled by the unwieldy system of Roman numerals. 
The unknown man who devised the new system was from the world's point of view, after 
the Buddha, the most important son of India. His achievement, though easily taken for 
granted, was the work of an analytic mind of first order." 


7. GRADUAL GENESIS OF ‘ZERO’ FROM SUNYA 


The Sanskrit word *ünya" was transliterated into Arabic in Al-Khwarizmi’s*? (780-850 CE) 
work De Numero Indorum? as ‘sifr’, meaning ‘empty’. The associated Arabic root Vsfr leads 
to other words of similar meaning, like asfara (meaning ‘empty’) or safir (meaning ‘to be 
empty’). The slightly changed term ‘sifra? was used to denote ‘zero’ in Sefer ha misper 
(meaning, ‘Book of Numbers’) by Rabbi Ben Ezra (1092-1167). This one, along with many 
local variants like cifra, cyfra, cyphra, zyphra etc., was used for the same purpose, i.e., to 
denote ‘zero’. However, they took a turn by the beginning of the Renaissance and one may 
find the Spanish word ‘cifra’, derived directly from Arabic ‘sifr’ being used with a changed 
connotation to refer to the rest of the digit numbers. Similar examples prevail in the case of 
other European languages as well—for instance, ‘chiffre’ in French, or ‘ziffer’ in German are 
still used to refer to digit numbers. However, the Arabic sifr was gradually latinized as 
‘zephyrus’ ,—‘the west wind’ and Leonardo of Pisa, better known as Fibonacci, while writing 
his seminal book, Liber Abaci in 1202, coined the term ‘zephirum’ mere light breeze—almost 
nothing, to denote ‘zero’. Later it got converted to zefiro in the Venetian dialect of early 
Renaissance, and our ‘zero’ is a mere contraction of that?!. 


8. EARLY NON-MATHEMATICAL ROOTS OF SUNYA 


Since no written mathematical treatise of remote Indian antiquity is extant, historians have 
turned their attention to the non-mathematical texts of that period, with an intention to find 
tacit mathematical clues, if there be any. The idea is to dig deep into the academic ambience 
of that period and analyze in the light of those works, the available social contexts, towards 
a possible unearthing of some threads of mathematical thought, which might have been 
prevalent during that period. If non-mathematicians are found to be at ease with novel 
mathematical concepts, for example, that of ‘zero’ as a digit in its own right, in an arguably 
place value-system??, it certainly strengthens the argument in favour of those peoples doing 
Ganita in that society to have already mastered those concepts. Two such cases are certainly 
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worth mentioning, one directly referring to the 'zero' of mathematics and the other tacitly 
applying a similar concept. 


8.1 Direct Evidence : Sünya in Pingala’s Chandahsiitra 


The Pirigalacchandahsütram i.e., the rules of prosody for both Vedic and Classical Chandas 
given by Pirigala?? [also known as Pirgaldcarya (in Halàyudha), Pingalmuni (in Mahabharata, 
where he is found to be the chief priest in the serpent sacrifice of King Janamejaya to avenge 
of his father's death?^) or Pirigalanaga (in Jivananda Vidyásagara[63])] come into the limelight 
as an irrefutable landmark in the history of mathematics, particularly in connection with the 
priority in the inception of place-value notation, as in two of its sütras, it formally mentions 
the term ‘Sanya’ for the first time in the history of human civilization (as far as our present 
evidences stand), a clear mathematical concept of ‘zero’ and discusses formulations for intricate 
combinatorial calculations towards what is now recognised as binary arithmetic, going up to 
conversion of a decimal number to binary and vice versa—an extraordinary feat indeed.[42] 


Analyzing the reasons behind the abundance of metrical verse based resources of Indidn 
Antiquity and the consequent indispensable need for careful and systematic analysis of poetic 
metrics, A.K. Dutta concludes “Ancient Indians had the perception that the metrical form has 
greater durability, power, intensity and force than the unmetrical, and hence recorded all 
important knowledge in verse form. In particular, all ancient Indian mathematical literature, 
beginning with the pre-Paninian $ulba-sütras, are composed entirely in verses. This tradition 
of composing terse futras, (often by avoiding the use of verbs as far as possible and 
compounding nouns at great length), which could easily be memorized, ensured that, some 
of the core knowledge got orally transmitted to successive generations."[16] 


The Vedic seers attributed almost mystic significance to chandas*®, Consequently, close 
attention was paid to the study of chandahSastra i.e., the science of verse meters, along with 
its language, prosody and the proper time and place for its recitation. It is stated in the Sruti 
that, he who made rituals possible by the brahmins, should know the meter of each mantra. 
Along with the study of a mantra, one must have a clear knowledge about the deity, meter 
and the seer associated with it, failing which the rituals performed will not attain the desired 
goal.[56] Further in this regard, one may also quote from Brhaddevatd, [verse 136, VIII] 
supposedly written by the Vedic seer Saunaka[61]: 


aviditva rsim chando daivatam yogameva ca 
yo dhyápayejjapedvaàpi paptyanjdyate tu sah 
One who teaches or recites [the mantras] without knowing 
the seer, the meter, the God, and the proper application of it becomes indeed a sinner. 


Hence it is no wonder that the study of analyzing the meters became a very respectable 
study right from the early Vedic society onwards. Pingalachandahsütram is the only authentic 
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extant complete work, though not the earliest, in this field?7. The unknown author of Agnipurüna 
refers to and summarises the work of Pingala. He states: 


chando vaksye mülajaistaih 

pifingaloktam yathakramam 

I shall now state about the chandas 

in the order uttered by Pifigala, our Elder 


There exist many commentaries on Pifigalachandahsütram, done at much later dates, 
the most widely mentioned ones being Keddrabhatta’s Vrttaratndkara (1150. CE), 
Yadavaprakàsa's commentary (circa 1050 CE) and Mrtasafijivani by Halayudha (11th century). 
Though there were many writers of metrical books earlier than Pingala, as is testified in his 
book itself? unfortunately only the names of those authors are available, their works having 
presumably perished with time. 


Now, what attracted the attention of the historians of mathematics, particularly those 
dealing with antiquity, towards the work of this master prosodist, Pifigala? Indeed, after a critical 
examination of all the 315 sütras spread over the eight chapters of his work, one finds the 
sütras 20-35 in the eighth chapter to be of immense mathematical potential. As usual, they 
are in keeping with the spirit of pithy and cryptic presentation of a *sütra', almost obscure 
to a non-specialist. However, thanks to the later commentaries, they can be relatively easily 
deciphered to produce an excellent account of combinatorial calculation along with binary 
arithmetic.[42][61] We narrow our focus of attention to the sütras 28-31, dealing with the 
combinatorial question: how many different meters are there with a given length? That is, to 
- compute the total number of possible arrangements of long and short syllables (respectively, 
the guru and the laghu), repetition allowed, without actually constructing the arrangement of 
all possible combinations of guru and laghu in a given meter (called the prastára, a bed or 
matrix in which the gurus and laghus are listed horizontally)??. Of particular interest for us 
in this article are the sütras 29-30, rüpe fünyam and dvih sünye by name, clearly mentioning 
*fünya'. However to see them work as mathematical ‘Sanya’, one has to combine them along 
with the s@tras immediately preceding and immediately succeeding them, viz. dvirardhe and 
tavad ardhe tad gunitam. Four of them, put together in a row, and interpreted according to the 
commentators, give us the necessary rule of computation, that clearly involves a notion of 
mathematical “zero”. The four sutras are beautifully translated into English by Sarma [55] 
as follows: 


sūtra 28 : “[First write down the number of syllables in the given meter and go on halving 
that number. Each time] when [the number is] halved (ardhe), [write down in a separate 
row or column the digit] 2 (dvih). 

sütra 29 : “[When you reach an odd number, subtract | from it.] Whenever 1° [is 
subtracted (ripe), write down in a separate column a] zero (Sanyam). 
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sūtra 30 : “[Continue thus until the process stops. Then where you wrote a] zero (sünye), 
[multiply by] 2 (dvih). 


sūtra 31 : "Where [the number was] halved (tdvad ardhe), multiply [the result of the 
second process] by itself (tad gunitam)." 


Following the above rule, we may construct the following concrete example, pertaining 
to the usnik meter having total twentyeight syllables, whence each päāda inits samavrtta 
catuspáda variation has seven syllables. We are to find the number of all possible arrangements 
when each one of the seven places may be occupied by either a guru or a laghu. An elementary 
knowledge of combinatorics tells us that the answer is 27. In the table below, let us verify 
this following Pirigala. Columns under A and B refer to the sitras 28 and 29, whereas the 
column under C shows the calculation done from the bottom towards the top according to 
the sütras 30 and 31. Note that, while beginning the calculation in column C, one has to start 
taking 1 by default, and then apply the rules 30 and 31 as the case may be, a point worth 
mentioning, as it is not clearly stated in the (translation of) sütra 30. 


usnik (samavrtta; catuspáda) A B C 
]. Write the number of syllables 7 
2. 7 cannot be halved; so reduce it by 1 6 0 (2? -2)?-2 = 27 
3. Halve 6 3 2 (22 - 2} 
4. 3 cannot be halved; so reduce it by 1 2 0 22.2 
5. Halve 2 | 2 2* 
6. ] cannot be halved; so reduce it by 1 0 0 1-2 
Stop. Begin upwards 


So it appears that Pirigala prescribed the use of two symbols, viz. that of two and zero, 
towards distinguishing between two kinds of operations, squaring and multiplying by 2. Surely, 
such a calculation could have been done with any two arbitrary symbols. But, his choice 
favouring the term ‘Sunyam’ clearly indicates that during his time, a concept of mathematical 
Stinya was prevalent. But what kind of Siinya was it? Did it only signify absence of an operation, 
in a spirit similar to the Paninian concept of lopa, or that of a decimal place-value system 
in vogue? Van Nooten[42] observes that, “we can be reasonably certain that his counting system 
was predicated on a base of ten.” He further points out that a system of notation that simply 
uses two symbols as markers of a place value does not necessarily produce a binary system. 
But if there is a system that uses two symbols in such a way that every string made with 
them has a unique decimal equivalent and it is shown how one may convert a decimal number 
into a string of those two symbols uniquely, “then indeed we do have a binary system. Pirgala 
has done at least this much.” In the view of Needham[40], “Place value could and did exist 
without any symbol for zero. ...But zero symbol as a part of the numerical system never existed 


CONCEPT OF SUNYA IN INDIAN ANTIQUITY 33 


and could not have come into being without place-value. Along this line of argument 
Sarma[55] concludes “...the invention of decimal place-value system along with the concept 
and symbol of zero must antedate considerably Pingala's mention of the zero symbol." 


As mentioned earlier, the time of the original composition of Pirigalachandah-sütram 
is hotly debated among the scholars. But setting his time frame accurately, as far as possible 
from the circumstantial evidences, is extremely crucial, as this may pave the path towards a 
rejection of the so-called Eurocentric view of Greek origin of the concept of zero and its being 
transmitted to the Indian soil through the Alexandrian invasion of the northern India (326 
BCEB)[59](pp.63)[34 (pp. 37). In the resulting tug-of-war, we find Sastri[56](pp.81) placing him 
in 4th century BCE while Dutta and Singh[9] and Dowson[14] argue in favour of placing him 
around at least 200 BCE, if not earlier. Again, S.R. Sarma[54] is in favour of keeping the 
time-frame a bit wider, between 400 to 200 BCE, which is contested by Bronkhorst[7], who 
not only claims that the period will be much later but also suggests that the eighth chapter 
of the book, where the clear mention of Sünya can be found, is a later work, not original 
to Pirgala. On the other hand, Van Nooten[42] in his paper, while attributing the credit of 
invention of binary numbers to Pingala, recognizes the eighth chapter as original’, but analyzes 
the time-frame critically and is not ready to put him before 3rd century of CE. In his opinion, 
since the earliest known reference to Pirigala is found in Mimamsdsiitra of Sabara, whose 
time has been assigned to 4th century CE, and as “the internal evidence of the treatise does 
not militate against a date before the 2nd century A.D. since the composition of the sütras 
follows the pattern of the older unversified sütras, such as those contained in Pünin?'s 
Astüádhyayi ”, “it is not possible, on objective grounds, to decide whether Pingala's treatise 
preceded or followed Panini, nor is it possible to prove that Pingala’s work existed before the 
third century A.D.” But Sarma in a comparatively recent article[55] strongly refutes this claim 
and puts forward fresh arguments and views to the effect that the eighth chapter is indeed 
original to Pirigala™ and “there are close similarities in the methods of exposition and notation 
between the Chandahsitra on the one hand and the Astadhyayi and the Vedürigajyotisa on the 
other. The affinity with these two texts places the Chandahsütra at about 400 BCE.” 


All these show the importance of a comparative time-frame based study of cross- 
references available on the two literary giants of Indian Antiquity, Panini and Pingala. One 
can find a point by point comparison in A. Sastri[56], although some experts don't find it 
very convincing: 

Panini dealt with sütras both laukika and vaidika; Pingala dealt with chandas both 

classical and Vedic. . 

Pànini had recourse to pratyaharas to make his sütras concise; Pingala reflects a similar 

spirit introducing the ganas in analyzing chandas. 

Pànini begins with vrddhirádaic as an auspicious sūtra; Pirigala took a similar stance 

„with the dhiSristrim which suggests auspiciousness. 
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PGnini at first has given the definition of lengthening; Pirigala of the lengthened syllables. 

PGnini used the word vrddhi as nandi; Pirigala in his turn used dhi, a term depicting 
- practically the same connotation. 

The first verse of Paniniya $iksa runs as follows: 

atha $iksárh pravaksyámi 

püniniyam matam yatha 

I now talk about phonetics, according to the doctrine of Panini. 

The commentator of this verse interestingly remarks[56] (pp. 76) 

vyákhyaya pingalacaryasütranyadau yathà yatha 

Siksàm tadiyam vyakhyásye pániniyanusarinim 

Upon having explained the rules of Pingalücàárya as it is, 

I shall now explain his another work siksa following Panini. 


The Siksáprakasa states that Pirigalacarya, the younger brother, carefully followed the 
direction of Panini, his elder brother®, who had probably initiated him into the study of metrical 
science.[56] Also Sadgurusisya in his commentary (1187 CE) on Rganukramani refers to 
Pingala as a Paniniyanuja|61] (pp.40), the younger brother (i.e., anuja) of Panini. Interpretating 
*younger brother! in the sense of being junior in the same intellectual lineage, one can now 
claim to have enough reasons to consider Pirgala to be a younger contemporary of Panini. 
But when did Panini live? K.V. Sarma[52] settles for 600 BCE. Pandit[44] in his 
groundbreaking work has put him somewhere between 700-400 BCE. Thus going by the 
majority view, we could safely place Pirigala before the third century BCE. 


8.2 Indirect evidence : Tacit concept of ‘zero’ in Panini 


Panini, the great grammarian, the author of Astddhydyi, an archetypal work, thoroughly 
systematizing the Sanskrit grammar, which is studied by the linguists even today as the ‘work 
of a linguist and not a language-teacher’, exhibited extraordinary technical and descriptive skills. 
Irrespective of the controversy on whether there existed earlier grammatical schools in Sanskrit, 
or how many grammarians actually predated Pānini, there seems to be no doubt among the 
scholars that this peerless work stands alone, ‘a literary monument’, among all the pre- or 
post-Paninian grammars on Sanskrit, known to us. Out of a plethora of commentaries available 
on his work, two particularly important are by Katyayana and Patafijali, who regarded this 
work as a ‘scientific system based on certain scientific principles’ and tried to establish it 
through their original contributions towards the proper interpretation and understanding of the 
original work. Passion for attaining perfection in grammar, recognized as a Veddriga as we 
have already pointed out, was of paramount importance in the Vedic studies in ancient India. 


It is from this background, researches deep into the analysis of the Pdninian grammar, 
which has an inherent scientific ‘structure’, have been carried out by scholars like Allen[1], 
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Hass[22], Bloomfield[6] and S. Al George[17] during the middle of 20th Century CE. In the 
words of Bloomfield[6], ‘The Hindus hit upon the apparently artificial but in practice eminently 
serviceable device of speaking of a zero element. In a later elaborate work of truly seminal 
nature, Pandit[44] comments “The technique of zero is thus basically and purely a technical 
device born out of necessity for brevity and symmetry of linguistic description........ the only 
technical principle that Panini might have and has actually used is the principle of zero, perhaps 
borrowed from positional mathematics." Of course, there is no way one can be more categorical 
about this possible correlation. Indeed, A.K. Dutta[16] comments: “One does not know whether 
the mathematical zero existed by his time and whether he was influenced by it, or whether 
it was Pünini's grammar which inspired the great mathematical invention.” But Pünini 
techniques of linguistic analysis do consist of some basic fibers of abstract universality, making 
one feel that they "are comparable to those adopted in mathematics, computers, symbolic logic 
and artificial intelligence."[20] 


Panini has employed three techniques named lopa, it-samjfid and pratyühüra for 
grammatical description and one called anuvrtti pertaining to the interpretation of sütras. Pandit 
argued at length to establish that all these four seem to have been based on one single principle, 
viz. ‘lopa’, which can be rendered by the modern term ‘zeroing’. These techniques by their 
nature are very complicated and too technical for the comprehension of those not well-versed 
in Sanskrit grammar, and in any case happen to be way beyond the field of specialization 
of the present author. Pünini's use of his grammatical or linguistic zero ‘lopa’is used as a 
marker of an empty (Sanya) non-occupied space or position. His relevant basic sūtra is : 
adaríanam lopah, found in Astadhydyt, (1.1.60) which means$6 (non-appearance [of a sound 
or morpheme®”] is lopah).°8 That the Paninian ‘lopah’ stood for a sort of ‘zero’ is also indicated 
by the fact that Püjyapada (c. 450 CE) in his Jainendra Vyàkarana replaced ‘lopah’ in the 
sūtra VIILA.64 with ‘kham’, which was a common term for zero. 


For the purpose of linguistic description of the Sanskrit language of his time, Panini 
in his grammar tried to formulate a rigorous logical structure from which the whole body of 
the Sanskrit language might be seen to evolve. Towards this, he framed his sütras, minimum 
in number, each one encompassing as many cases as possible. Dealing with the verbal formation 
of an existing Sanskrit word, he reconstructed the evolution of it from its root according to 
his perception of symmetry in description and while doing this analysis, he often encountered 
a situation where there was neither a phoneme nor a morpheme, but to match the structure, 
as proposed by him, he had to account for something. Pānini proposed the concept of ‘zero’ 
(called lopa in his terminology) to save the situation, and one may find abundant use of this 
concept in his work. The following example is taken from Pandit[44]. Taking the word dafati 
from spoken language, Panini reconstructed its root as Adarh, ‘to bite’ and observed that its 
present tense, third person, singular number form should have been : 


dams + (f)a(p) + ti = daméati, 
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where the nasal i ought to be present. But it was spoken as da£ati., Hence Panini had 
to make the provision for *lopa' of the nasal in this case. He did it by framing the rule 6.4.25, 
damasafijasvafjam $api—i.e., the nasal of roots Vdams, Nsafij and Nsvafij disappear before 
Sap, the vikarana (i.e., the middle morpheme) of the first conjugation, symbolically : 


da(m)satt = da(0)sati = daSati. 


Thus the nasal, which was due in this case (prasakta i.e., Bak. was not to be 
pronounced, according to the Paninian reconstruction.6? Pandit submits that this use of lopa 
is much the same, structurally, as the use of ‘zero’ as placeholder in mathematics, while it 
is used in writing a numeral, say 202, to indicate the vacant place.?0 


Accepting the possibility that “the great grammarian Pānini seems to have some clues 
for the concept of the mathematical zero", Paramhansa[46] sceptically submits that “the zero 
in Pànini has nothing to do with the mathematical zero of the place-value notation. A caution 
for the ‘lopa’ zero for Panini ......... It is just subjective zero as relative zero of Abstract Algebra. 
For example, a non-trivial normal subgroup H of a group G is the ‘zero’ of the quotient group 
G/H.” He further gives linguistic examples in favour of his argument. However, Pandit has 
categorically established with several examples[45] that the Paninian technique of zero used 
in linguistic descriptions is comparable to the mathematical zero as a place holder, a marker 
for the vacant place, much like the zero in numbers 10, 20, 30 etc. To conclude this section, 
we quote from Pandit[45] some salient similarities of the two concepts?!, *zero in Mathematics' 
and ‘lopa in Panini’ : 

() in both of them, the concept of zero attains the status of a technical device to build 
up the respective systems; 


(ii) in both of them, zero represents the zeroed entity as well as its place; 
(iii) both presuppose positional analysis and representation; 
(iv) in both of them, the concept of zero is not merely inteilectual but can be comprehended, 


arrived at and represented by a definite empirical, formal process laid down in those 
Sciences; 


(v) in both of them, the zero requires to be inserted at the deep-structure level. 


9. GREEK CONNECTION? 


As we have already pointed out, there are a school of historians of Mathematics, according 
to whom, the ‘decimal place-value principle with zero as a hall-mark’, was in actuality not 
an independent Indian achievement. The root of it presumably lies with the Babylonians 
(Akkadians), who by 300 BCE had started using a queer symbol of two slanted wedges (mostly, 
with certain exceptions as well[34]) to denote an empty place-mark in a written numeral on 
unbaked clay tablets, instead of keeping a ‘blank space’, as they had been doing before, for 
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over a thousand years. Though these historians seem to give some concession to the decimal 
place-value system in favour of India, which according to them was being employed in India, 
especially among the Jainas and Buddhists, towards the beginning of the common era' (i.e., 
Christian era), as far as the inception of ‘zero and its symbol’ is concerned, they opine to 
the contrary. Laying an undue stress on the ‘symbol’ part of it,’ they claim that ‘Greek 
(astronomical) Papyri of the period immediately preceding and following the beginning of the 
common era demonstrate that, they filled (the blank space) with an adaptation of the Akkadian 
symbol for zero (two slanted wedges); this adaptation looks like a circle with a bar over it 
(0)7.. This, then, is the origin of the form of the symbol for zero” as a circle.’ Further arguments 
amount to the claim that, during this period, the Greeks came to India in large numbers, brought 
with them documents with such a symbol written there and while translating them into Sanskrit 
(with which the Indian mathematicians/astronomers like Vardhamihira are credited) ‘the symbol 
for zero (i.e.,O) is taken as a circle (pärna, the full moon) or a dot (bindu).’[49] The earliest 
such incident, according to D. Pingree, took place around 425 CE, the principal impetus behind 
the whole theory being ‘there is no certain evidence that a symbol for zero was in place (in 
India) before the 5th century A.D.’”* However, in the context of what we have discussed so 
far in the previous sections, we find such interpretations by Pingree and the co-sharers of his 
opinion untenable. It appears more probable that Indians, even in pre-common era, were familiar 
with the mathematical perspectives of Sünya. Whatever symbol for this concept they might 
have used at that early stage, is of course not known to us. 


10. EPILOGUE 


Historical reconstruction of mathematical knowledge, that was likely to be prevalent in Indian 
Antiquity, is much like arranging an enormous zig-saw puzzle, many pieces of which are 
missing.” Competent historians of Mathematics, all over the world, are trying to arrange the 
available pieces, according to their own respective 'stance's, with an obvious intention to try 
and guess the picture it may suggest. And the job is anything but easy. Patriotic passion or 
pre-conceived ideas/6 often come in the way of scholarly acumen, prompting one to misplace 
one or two pieces or perhaps not to place them at all, distorting the figure to accommodate 
one’s ‘stance’. Some are dedicated to make it look like the dancing Siva, while few others 
seem to be determined to find a dancing monkey!” Of course, there is a third group, carefully 
steering a discreet middle course, analysing objectively as far as possible, the available pieces 
of evidence or information and sometimes even the lack of information, trying to make a pattern 
out of it. With every new piece being found occasionally, as a new input to the zig-saw puzzle, 
one has to try and find its right place in the puzzle, sometimes destroying the existing pattern. 
And the journey continues. We put an end to our discussion by slightly altering what Bourbaki? 
once said about mathematicians : 


Historians of Mathematics have been correcting their errors to the consequent enrichment 
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and not impoverishment of this discipline; and this gives them the right to face the future 
with serenity. f 
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NOTES 


1. The mathematical heritage of the Indian subcontinent has long been recognized to be extremely 
rich. Hundreds of thousands of manuscripts in India and elsewhere, mostly written in Sanskrit, attest 
to this tradition.[48] 


2. Otto Neugebauer (Zur Entstehung des Sexagesimalsystems, Güttingen, 1927) has shown such 
examples in an astronomical tablet of Selucid period of Babylon. There is a hypothesis that this might 
have been a copy of some earlier documents (H. Hunger, Spütbabylonische Texte aus Uruk, Berlin, 
1976). But these are only suppositions. Only further archaeological discoveries can provide definite 
proof.[25] 

3. "Sedulo curavi, humanas actiones non redere, non lugere, neque detestari, sed intelligere." The 


translation given here, is credited to Sridharan[61]. 


4. Quoting R.C. Gupta[20],"in respect of Vedas and Vedic Corpus, there seems to be no moderation 
in regard to highly fantastic claims of advanced scientific achievements. These include the proof of 
famous Fermat’s last equation and the Einsteinian mass energy equation..." 
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5. Roger Billard(5] in 1971 demonstrated in his book that Aryabhata has made his own independent 
observations and his astronomical constants and parameters are not borrowed from the Greeks. 


6. Plofker concludes that “much work still needs to do done before the issue can be confidently 
resolved, if it ever can be" and finally she expresses her preference to the transmission hypothesis 


7. A good example may be the uncertainty of time period regarding the inception and development 
of Vedic religion. Following remark by Pearce in [47] is interesting: “S. Kak[30], a noted authority 
on Vedic Astronomy, states in a recent work that the time period for the Vedic religion stretches back 
potentially as far as 8000 BC and definitely 4000 BC. Whereas G. Joseph states 1500 BC as the forming 
of the Hindu civilization........ R. Gupta in his paper on the problem of ancient Indian chronology shows 
that dates from 26000-200 BC have been suggested for the Vedic period. Having consulted many sources 
I am confident at placing the period of the Vedas (and Vedangas) at around 1900-1000 BC." Again, 
Mukherjee [37] points out that, Sampurnananda in his book Aryon kā Adidefa (in Hindi) has argued 
Rgveda to be 17000 years old. 


8. It is almost certain that when the Aryans arrived in India they brought no form of writing with 
them.....Their intellectual and spiritual leaders would certainly have had a “knowledge of the great 
religious poems; but it seems that their literature was written at a later date, and then the literate men 
would doubtless have preferred to keep the oral tradition going as long as possible to perpetuate their 
prestige and their privilege"[M Cohen, 1958][25] 


9. both the words come from the same Sanskrit root Avid, that means ‘to know’ 


10. The approximate dates mentioned in this paragraph are taken from Joseph[29], who however puts 

in clear terms the state of affairs regarding the uncertainty in predicting the time period of early Indian 
texts. "The dates given here are rough and conservative estimates of when the first versions of the 
texts were recorded. It is very likely that before they were written, an earlier oral tradition kept the 
contents alive. Copying old texts was a common pursuit of the Indian scholar and student, sanctioned 
by religion and custom. It is therefore important not to depend on evidence of the date of copies of 
mathematical texts in assessing the true age of a particular method or technique.” 


Il. In Mundakopanisad, one may find [61] the following verse, mentioning the six limbs of the Vedas : 
tatráparà rgvedo yajurvedas sümavedo 'atharvavedah Siksd kalpo vyakaranam niruktam chando 
jyotisamiti. i 
12. The word sulba is derived from the root Vsulb, meaning ‘to measure’, whence the term sulba 
stands for measuring cord. 


13. One can refer to the groundbreaking work of Sarasvati Amma[2] in this regard. A. Seidenberg[58] 
pointed out that Taittiriya Samhita contains the algebraic, geometric and computational aspects of the 
so-called Pythagoras theorem. 


14. It is suggested that they were Vedic priests and skilled craftsmen.[43] 
15. However, Sarasvati Amma places it between Sth to 8th century BCE.[2] 
16. In Vispudharmottara purdna, one finds an apt definition: 
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alpáksaram asandigdham süravat vifvatomukham 

astobham anavadyan ca sütram sütravido viduh. 
It is translated by Sridharan[61] as “A sutra should have the least number of syllables, should contain 
no doubtful words, no redundancy of words, should have unrestricted validity, should contain no 
meaningless words and should be faultless" 


I7. For a comprehensive list of various terms equivalent to sznya used to denote ‘zero’ in Sanskrit 
literature, one may refer to Gupta[19] or Sarma[52]. An exhaustive dictionary of the terms pertaining 
to the Indian numerical symbols in antiquity, along with etymological notes for each of them, may 
be found in Ifrah [25], pp. 445-510. 


18. Typical examples are the invocations (sdntipatha) of the Isopanisad and Brihadarnyaka Upanisad: 
pürnam adah pürnam idam pürnat pürnam udacyate 
pürnasya pürnam üdüya pürnam eva avaSisyate 
The infinite fullness is that Brahman. The same infinite fullness is this Brahman 
The same infinite fullness springs from (is hidden) in the finite universe. When this same infinite 
fullness is taken away from the infinite fullness, still what remains is infinite fullness.[26] 


Gupta[19] observes that, mathematically the second half of this invocation implies x — x = 0, a statement 
which is satisfied by x — O as well. 


19. Physicist Wheeler says that “Empty space is the place of most violent Physics.”[26] 

20. Kathopanisad 1.2.20 [53] 

2]. Amarakosa, a Sanskrit lexicon written by Amarasimha around Sth century CE, interprets it as 
Sünym tu vafikam tucchariktake, which means, zero is also called vasikam i.e., void or empty, tucchu 
ie, trifling, riktaka i.e., emptied or devoid of. [38] 


22. In Rgveda Samhita the word sünam (3.33.13) is found[12], and though the word finally means a 
swollen state or hollowness, it has been taken to imply lack, want or adherence [38] 


23. ndsad dsin no sad asit tadànim ndsid rajo no vyomā paro yat meaning, Existence was not there, 
nor non-existence. The world was not, the sky beyond was neither.'[26] 


24. Niskala Siva 


25. He used a form of logic, catuskoti, the famous tetralemma[35], claiming the four states “Sanya, 
non-Siinya, both or neither" to be considered as both mutually exclusive and jointly exhaustive. 


26. refer to section 8.1 


27. It is found in Paficasiddhantika of Varühamihira (505 CE), though by name, not by symbols[10]. 
An earlier reference, in language, as sat binduyutüni, and also as sat khayutdni, meaning, ‘six with 
zero’, representing 60, (Incidentally, the most common parlance for mathematical sünya in ancient India 
was kha) can be seen in Yavanajataka (Horoscopy of the Greeks) of Sphujidhvaja (270 CE), who, 
according to his claim in the text, versified an earlier prose version of Yavunesvara (150 CE), a great 
exponent of Greek astrology. However, this example is cited by Kaplan[34] in favour of his argument 
that ‘...the hollow circle of kha and the solid dot of bindu came to India from Greece’. 
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28. Translation as in [28] 


29. It features at the beginning and at the end of a series of ‘mantras’, worshiping the numbers as: 
ksudrebhya svähä, paryaikebhya sva@ha, prathamebhya svühà and so on upto viméati svahd, then 
prthaksahasrabhyà svaha and afterwards again ksudrebhya svaha. The initial ksuda stands for a symbol 
of ‘absence’ (a tacit form of ‘zero’), and the final one represents ‘fullness’. The term paryaikebhya 
refers to the seriality among the occurrence of numbers. [37] 


30. Also a Kashmirian version of Atharvaveda is known, where many examples of zero being 
represented by dot, both in the marginal notes and in the text itself, are found. While the numbers 
in the marginal note may be accounted for as Inter inclusion, "the symbols in the text itself must be 
from the time of Atharvaveda (500 BCE)", observes Mukherjee[36], a minority view, of course. 


3]. chidram kham ity utkam ; Gopatha Brühman 2.2.5[44] 
32. It is preserved in the Bodleian Library at Oxford University. 
33. However, one scholar interprets one particular dot among them to be actually a small circle[36] 


34. The colophon to the section on trairüfika, ‘the rule of three’ reads: This has been written by 
the son of Chajaka, a brahmana and king of mathematicians, for the sake of Husika, son of Vasistha, 
in order that it may be used (also) by his descendants.[23] 


35. G.R. Kaye put it in 12th century CE,(however his view is now rated by many scholars as biased, 
Joseph[28] has criticized him in very strong words : it is particularly unfortunate that Kaye is still 
quoted as an authority on Indian mathematics) Hoernle[24] assigned 3rd to 4th century CE, B.B. 
Datta[11] gingerly at early centuries of CE, L. Gurjar places it in between 2nd century BCE to 2nd 
century CE, A.A.K. Ayyangar in 8th to 9th century CE, I. Pearce[47] in sometime before 450 CE, 
(with a hint that the current version is a copy of an earlier work), whereas R. C. Gupta[20], Kaplan[34] 
and Hayashi[23] in 7th century CE. 


36. The inscription of Gwalior referred to here is by no means the oldest inscription, if one includes 
the charters inscribed on copper plates as well. At the beginning of 20th century CE, some scholars, 
mainly G.R. Kaye (who is by now well known for his Eurocentric bias) and some others who share 
his views, questioned the authenticity of these plates, claiming them to be possible later forgeries, without 
much of concrete evidence in favour of such a claim. Towards trying to establish the Greek priority 
as the real inventor of our numeral system, their prime objective was to establish that the place value 
system with a clear use of zero in it, could not have been there in India much before the second half 
.of 9th century CE. However their viewpoint has been scrutinized closely and categorically rejected 
on the whole by many scholars, historians and Indologists[47],[28]. We only quote Ifrah[25] : “... thus 
we can see that these authors had worked out their conclusions far better than their arguments.” If 
we focus our attention on the inscription of the numeral ‘zero’ only, there are several unquestionably 
authentic documents (stone inscriptions) found in various places of Southeast Asia, places which came 
under the cultural dominance of India at that time. The earliest known such epigraphic documents date 
back to 683 CE, one being the Khmer inscription of Trapeang depicting the numeral 605 and the-other 
one is the Malay inscription at Palembeng (Sumatra) depicting 606.[25] 
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37. This place is about 300 km. south of Delhi, in present day India. The inscriptions are from King 
Bhojadeva’s reign and were found in a temple of Lord Visnu inside the Gwalior fort. 


38. Written in Sanskrit, using Nagar: numerals, the first one contains, among other numerals, the 
numbers 10 and 20 (as the number of corresponding stanza of the inscription), while the second one 
shows the numbers 270 and 187 in the context of the area of the piece of a land being offered to 
the God, to be converted into a garden of flowers, so as to offer 50 garlands of flower for daily worship. 


39. He was honoured with the appellation Ganakacakracüdámani, ‘crowning jewel among the circle 
of mathematicians’ by Bhaskara II, an eminent mathematician of later period (b. 1114 CE). However, 
his attempt to define division by zero as khacheda ('cipher divided by cipher is naught") is not accurate. 
Modern Mathematics rules out 'division by zero'. Raju[50] opines to the contrary, a view worth 
mentioning. He puts forward a completely different perspective of $ünya, invoking 'infinitesimals' of 
non-standard analysis introduced by Abbraham Robinson in 1960. 


40. For example, if zero is put at the right side of a number written in a place-value system, say 
binary (i.e., base 2), ternary (i.e, base 3) or, in general n-ary (ie, base n), the original number gets 
multiplied by its ‘base’ number n. It is the lack of this characteristic feature, that compels us to ignore 
the Mayan claim over the inception of 'true zero' in an otherwise fascinating place-value based intricate 
system derived by them. The Mayans lived in the isolation of Yucatan peninsula and reached their 
peak during 250 BCE-900 AD. They used a sea-shell like symbol, along with nine more pictorial 
glyphs to represent their ‘zero’ in different contexts[25][pp. 321]. How this civilization, with a definite 
passion for arithmetical calculation, almost amounting to an obsession, suddenly vanished into thin 
air, is a mystery yet to be solved. 


41. For the actual verse along with its translation in English, see Dutta[16] See also pp. 30 of Sarma[53] 
for a similar example in Sivasankalpopanisat 


42. However S.A. Paramahans[46] cites a counter example from Rgveda. The hymn 3.9.9 reads as 
trini Satani tri sahasrdny agnim trimíac ca devànava cdsaparyan, which refers to the number 3339 
being expressed as three hundred three thousand and thirty and nine, apparently not in coherence with 
the place-value notation and more akin to additive principle. This motivates him to conclude, *...ancient 
Indians introduced the decimal place-value after the early Vedic period....'. But in presence of so many 
examples in tune with decimal place-value system found in various early Vedic texts, only a tiny fraction 
of which is cited in this article, we would rather take this one as a stray incident, occurred perhaps 
due to some metrical compulsion of composition. 


43. Kaplan[34] argued at length to establish that this is a direct example of Greek influence, referring 
to the famous problem known as 'sand-reckoner' by Archimedes (born c.287 BCE). However one must 
observe that, while the sequence of numbers occurring in the story of Buddha is purely decuple in 
nature, what Archimedes cooked up as numbers of high order in sand-reckoner was based on the clumsy 
Greek system of enumeration, in which the largest name of a number was ‘myriad’, merely 104. Of 
course, it was sheer genius of Archimedes that made him declare a myriad myriad as a number of 
first order and then taking it as unit and repeating the similar process phase after phase, he proceeded 
further to higher and higher orders of numbers. But this does show, conceptually how very far away 
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from. a place-value system, let alone decimal, he was working! Kaplan highlighted the apparently proud 
exaltation of Buddha, uttered in the moment of his ultimate glory "beyond it is the incalculable" to 
declare, ‘there is no notion yet of a full positional system (if there were, we would see that enumeration 
cannot end........) [34] [pp. 40] 


44. In the words of Severus Sebokht, a Syrian monk(662 CE) : J shall not now speak of the knowledge 
of the Hindus,....of their methods of calculation which no words can praise strongly enough—I mean 
the system using the nine symbols.[4] 

In the words of a Spanish Monk, Vigilán,(976 CE), found in a writing referred to as the Codex Vigilanus, 
now kept in the library of the monastery of El Escorial, Spain[15] : The Indians have an extremely 
subtle intelligence....The best proof of this is the nine symbols with which they represent each number 
no matter how large. 


45. One finds from his writings that he gained knowledge from Kusumapura, a place believed to 
be near Patna of Bihar in modern India. 


46. Aryabhatiya, Ganitapüda, verse 2 


47. Jainism arose as a revolt against the Vedic practice of sacrifice and is perhaps as old as the Vedas, 
if not older. Once it was thought that a contemporary of Gautam Buddha, Vardhamana Mahavira by 
name, was the founder of jainism. But now historians are certain that he was only the last Tirthankara. 
An interesting aspect of the Jaina philosophical concept of zero as a number and a non-number is 
found in Srt Bhuvalay of Kumudendu, in a narration of an ancient legend relating to the first Tirthankara, 
Rsabhadeva.[57] The Jainas had a rich tradition of mathematics, mostly known from the later 
commentaries, many an original text being not extant.[61] 


48. For an almost unending array of examples one may refer to Ifrah.[25] 


49. Often referred to as the Father of Algebra, he worked in the House of Wisdom (Bait Al-Hikma), 
an institution created in Baghdad for the advancement of philosophy, astronomy and mathematics, during 
the rule of Al-Ma’mun, the Caliph who is mentioned in the famous One thousand and one Arabian 
Nights. His treatise on Arithmetic, called De Numero Indorum, is known to us through a XIII century 
version in Latin, as its Arabic version has not survived. 


50. Around 750 CE in the court of Caliph Al-Mansoor, a copy of an Indian mathematical work, which 
some historians argue to be Brühmasphutasiddhànta by Brahmagupta, was presented and later translated 
by the name Sindhind and presumably this motivated the arithmetical work of Al-Khwarizmi. 


5]. The first known occurance of the modern term ‘zero’ is found in an Italian book De arithmetica 
opusculum by Philippi Calandri, pulished in 1491 in Florence. 


52. Pingala employs bhütasamkhyà (i.e., word numerals) rather frequently. But in all these places he 
uses the words singly. Therefore, his employment of word numerals does not clearly indicate place-value. 


53. The word comes from the root Npigi, derived as pingayati iti pi ngala, meaning that which gives 
lighi[56] 


54. It is not settled beyond doubt whether this priest is the same person as the prosodist under 
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discussion. Indeed, going perhaps a bit too far, Van Nooten observed “we do not know who the author 
Pirngala was, we do not know where he lived, when his work was composed and finally, whether the 
work going by his name was really all his, or a product of his school, or a conglomerate of texts 
fragments assembled at one time and then forth transmitted under his name.” However, though the 
first two doubts are shared by many scholars, the final one is not corroborated in their findings. 


55. It is to be noted that futrus are mostly prose aphorisms, though one may find some Sutras in 
versified form as well. 


56. There are two kinds of derivations of the word chandas, ‘laukika’ (earthly) and ‘alaukika’ 
(unearthly). In the Nirukta of Yaüska one finds ‘chanddmsi chüdanát iti! i.e., ‘chandas’ comes from 
the root Nchad, which means ‘to cover’; in the grammar by Panini, the word comes from the root 
cand, derived as candayati hladayati iti chandah cander adeas ca chah. [56] (pp.51) But what were 
they suppose to ‘cover’? In the Aitareya Aranyaka, adhydya I, khanda V, aranyaka II, one may find 
in the context of worshiping the pràna God, that He is to be meditated as covered by the meters, whence 
the meters are chandas. It states further, chadayanti ha và enam chandamsi pápüt karmano yasyüm 
cid api. kümayate ya evam etac chandasdm chandastvam veda iti, which means, he who knows meters 
as the cover of the prána God will be saved from his sins [56] (pp.52). 


57. "The German Indologist Albrecht Weber was the first to make a critical study of the Chandahsütra 
as early as 1863, under the title *Über die Metrik der Inder" in the eighth volume of the journal Indische 
Studien. 


58. Pingala in his work mentioned the names of Tündi, Saitava, Ka$yapa, Katyayana, Mündavya, Rati 
etc. 


59. While dealing with these constructions, Pirigala considered only those meters where all the four 
feet of the verse have identical pattern, called samavrttas. A detailed lucid account of the actual 
calculations may be found in [42], [61], [55] 


60. The bold letters indicate actual word by word translation, whereas the completion of the sentences 
are done according to the commentary of Halayudha. This is a good example to cite how terse the 
presentations of süfras used to be. 


61. rüpa, meaning ‘form’ or ‘appearance’, used to stand for ‘one’; this word is synonymous with 
‘tanu’, the ‘body’, as a symbol for number ‘one’. 


62. However, his treatise does not provide us with any representation of numerals. Wherever he had 
referred to fünya, he did it in language and not by any symbol. So whatever symbol for Sanya he 
might have had in his mind, remains beyond us. 


63. The passage where the binary system developed is in all likelihood part of the original work[42] 
(pp.32) 


64. Sarma observes that[55], “The Pratyaya section of the eighth chapter is not a loose appendage 
but ts anticipated in the preceding chapters of Chandahsitra.” Indeed, the treatise begins with the 
definition of the eight ganas or triplets made of all possible permutations with two kinds of syllables, 
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laghus taken as ! and gurus taken as g. They are then given names as m, the ma-gana consisting of 
the arrangement ggg; then comes y, the ya-gana consisting of the arrangement /gg; next is r, the ra- 
gana consisting of the arrangement glg; etc: Sarma[55] claims that, “this sequence of triplets make 
sense only in the context of the Prastüra of the eighth chapter........ otherwise, Pingala could have 
enumerated the triplets in any other sequence." 


65. jyesthabhratrbhir vihite vyGkarane anujas tadbhagavan pirgalücáaryas tan matam anubhavya 
Siksdm vaktum pratijdnite 


66. One may find an interesting discussion about the connotation of adarSanam in this regard with 
respect to its verbal root drf in a recent article by Staal[62] (pp. 45). 


67. The smallest bit of language that has its own meaning, either a word or a part of a word, vide, 
Cambridge Advanced Learner’s Dictionary. 


68. Pandit[44] however gives a much wider perspective to the term ‘adarfanam’ than merely ‘non- 
appearance’. Quoting the commentary by Küfika, he points out that, the word adarfana is to be 
interpreted as follows: 


adar$anam a$ravanam anuccüranam anupalabdhir abhüvo varnavinü$a ity anarthantaram 
etaih Sabdair yo'rtho'bhidhiyate tasya lopa itiyam sarhjfia bhavati 
When a sound is not heard, pronounced, available or existing or is lost anywhere, even if its place 
there is due on that occasion, it is said to be lupta i.e., disappeared, or in other words, ‘to have amounted 
to zero'. 


69. In the commentary by Kasika, one may find in this regard : prasaktasyadarsanam lopasarhjfiarh 
bhavati. 


70. In exact language of Pandit[44], “..as in 125 and 105 in which the zero in the later indicates 
the place of decimal and can compare with the decimal place number 2 ir the former. Though 
numerically zero is not equal to or identical with the number 2, from the point of view of its capacity 
as an indicator of the place, it is fully on par with the later. In the same way, though phonetically 
the, fap = 0, it is on par with non-zero counterpart so far as its place-value is concerned.” 


71. Seven of them are given, of which we present only five, others being fairly technical. 


72. One may find the photographs of many relevant papyri in this regard in the article entitled 
Consideration of the Greek symbol 'zero' by Raymond Mercier, available in the internet. http/// 
anubis.dkuug.dk/JTC 1 /SC2/WG2/docs/.2708.pdf 


73. Earlier, this sign, often referred to as the Hellenistic zero, used by astronomers like Ptolemy (c. 
140 CE) and some of his successors, only in the fractional part of a sexagesimal number (called minutes, 
seconds, third, fourth etc.) and not in the integral part, was thought to have emerged out of the first 
letter ‘omicron’ of the Greek word ovdéev (‘ouden’), meaning nothing. However O. Neugebaur[41] 
dismisses this claim by pointing out the fact that ‘omicron’ was already used to mean 70 according 
to the Greek alphabetic enumeration system and A. Jones[27] opined in his favour. Some other scholars 
believe that it came from ‘obol’, a contemporary coin of almost no value. They conjecture that the 
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typical round sign evolved during the use of counters in sand-board used for arithmetical calculation. 
The impression left on sand when such a counter was removed to leave an empty column, perhaps 
gave birth to the symbol.[34] 


74. It however does not explain why the Greek mathematicians did not or could not use this so called 
‘zero’ to the full potential. They were the natural inheritors of Babylonian place-value system, due 
to their geographical location, yet even after they were exposed to this more powerful system of 
enumeration, they apparently failed to judge the potential of it, used it only in astronomical calculation, 
and that too not freely and arithmetically stuck to their own clumsy system of enumeration. Why is 
it that the genius of Archimedes or the galaxy of geometrical giants could not recognise it? Some 
believe that it was perhaps due to their over emphasis on geometric ideas, trying to interpret the universe 
in tandem with their perception of geometry, and this perception did not approve of the concept of 
‘zero’. Or was it the Aristotelian dictum—'Nature abhors vacuum’ that stood in their way, raising a 
philosophical conundrum like ‘How can nothing be represented by something?’ 


75. "India's sands were never so kind to her records as Babylonia's sands have been to her clay 
tablets."[2] 


76. One may quote G.R. Kaye (1915), as found in pp. 215 of Jacob[28] : ‘The achievements of Greeks 
in mathematics and art form the most wonderful chapters in the history of civilization, and these 
achievements are the admiration of western scholars. It is therefore natural that western investigators 
in the history of knowledge should seek for traces of Greek influence in later manifestations of art, 
and mathematics in particular However, Martin Bernal opines to the contrary. One may refer to his 
book, Black Athena. The Afroasiatic Roots of Classical Civilization, Vol. 1, The Fabrication of Ancient 
Greece 1785-1985, Vintage, London, (1991) 


7T]. While someone claims that ‘the mathematical conception of zero....was also present in the spiritual 
form from 17000 years back in India! [37], some other seems to be convinced that Bakshalf manuscript 
must belong to 12th century CE ! 


78. The exact quotation is in the book, Elements of Mathematics: Theory of Sets, Springer 1968 
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ABSTRACT : In this paper we introduce and study the notion of a class of hypermodulcs (called 
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are established. š 


Key words : G,-module, simple G,-module, G -module-homomorphism. 
AMS Mathematics Subject Classification (2000): 20 N 20. 


1. INTROCUCTION 


Krasner's hyperring [4], introduced and studied by Krasner, M. is a hypercompositional structure 
(S, +, -) where (S, +) is a canonical hypergroup, (S, -) is a semigroup in which the zero element 


€. 


is absorbing and the operation is a two-sided distributive one over the hypercomposition 
+. A hypergroup [2] (or multigroup) (G, o) is a semihypergroup (i.e., a hypercompositional 
structure with single associative hyperoperation) such that for alla e G, Goa-aoG- 
G. A cononical hypergroup [2] (G, o) is a commutative (a o b = b o a, Va, b e G) hypergroup 
with a scalar identity e (in the sense that e o a — (a), Va € G), of which every element 
has a unique inverse a’ e G (in the sense that e € a o a’) and is also invertible (in the sense 
that b €eaox-—»x e a' o b, Va, b, x € G). Chaopraknoi, S. and Kemprasit, Y. introduced 
in 2005 the notion of semihyperring (S, +, -) [1] where (S, +) is a semihypergroup, (S, -) is 
a semigroup and the operation * -’ is both left and right distributive accross the hyperopreration 
+. Interchanging the modes of the operations involved in the hyperstructure semihyperring, 
we defined in [9] another class of hyperstructure called hypersemiring which is an (additive) 
commutative semigroup (S, +) endowed with a hyperoperation o : S x S — P*(S) (= P(S) \ {}) 
such that for all x, y z e S (i) x o (y o z) = (x o y) o z and (ii) (x + yloz=xoz+ 
yoz, xo(y+z)=xo y+ xoz (where for any 4 B e P(S, 4+ B= {at+b:aeA, 
b e B}). In contrary to Krasner's hyperring, another kind of hyper-ring was introduced in [9]. 
This hyper-ring is a hypersemiring (S, +, o) where (S, +) is a commutative group whose identity 
element 0, is absorbing in the hypersemiring (S, +, o) (in the sense that 0; € 0,0 x —xo 
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Os, Vx € S). G,-ring (R, +, o)[8] is a generalised hyper-ring [9] which being assumed to have 
absorbing zero Op (in the sense, Op o x = x o Op = {Op}, instead of Op € 0,0 x = x o Op) 
is defined by replacing ‘set equality’ type distributive axioms of hyper-ring by ‘one-sided 
containment (c) type distributive axioms (x + y) oz cxoz tyozandxo(y*z)c 
xoyt+xoz, Vx, y z € R. A non-empty finite subset £(resp. £) = (ej, 9,....¢,} of a Gy- 
ring (R, +, o) is called a left (resp. right) identity set (in short i-set) [8] of R if (i) e, # 0, 


n n 
for atleast one i = 1, 2, ..., n, and (ii) for any a € R, a € Die; o a (resp. a e ao e). A 


non-empty finite subset £ of a G,,-ring (R, +, o) is an i-set of R if it is both a left i-set and 
a right i-set of R. an element e of a G,-ring (R, +, o) is called a (left, right) hyperidentity 
of R if the set (e) is an (resp. left, right) i-set of R. 


This is proved in [8] that in case of a G,-ring (R, +, 0), (4) oy ^ Xx 0 y)) e$ 
and x o (-y) ^ ({x o y)) + o for any x, y in R where for any 4 e P*(R), -A = {a:a 
€ A}. Unlike a ring, the equality of the set-expressions (—x) o y, x o (~y) and -(x o y) does 
not hold in general, on a Gring (R, +, 0) for any x, y € R. It is thus considered and studied 
in [8] a particular class of G,,ring, called the G,-rings with condition (R) (i.e., (cx) o y ^ xo 
Cy) = +x o y) Vx, y e R). 

In 1982, R. Rota initiates the study of multiplicative hyperring [6] which is an additive 
commutative group (R, +) endowed with a hyperoperation o which satisfies the first two axioms 
of G,-ring alongwith the condition (R). It is thus clear from the definitions that the class of 
G rings with condition (R) is precisely that of multiplicative hyperrings with absorbing zero. 

Fotea, V. L. considers in [3] a hyperring (R, UJ, 0), where (R, W) is a commutative 
hypergroup, (R, o) is a semihypergroup and the hyperoperation o is distributive over (4j. Over 
this type of hyperring (R, J, o), Fotea defines a commutative hypergroup (M, ®) to be a 
hypermodule if there exists a mapping © : RXM — P* (described by (r © a) > r © a) satisfying 
for any z s € Randa, b e M, (i) (r0s)Oa=rO(s Oa), (ii) rO(aB b)-roaQGrob, 
(iii) (r YW s)Oa=rOa®@s Oa. Fotea studies the connection between the hypermodules and 
fuzzy hypermodules and also extends the works fo Sen, Ameris and Chowdhury on. Fuzzy 
Hypersemigroups [7]. 

Massouros, Ch. G studies the free and the cyclic hypermodules [5] over Krasner’s hyper- 
rings in 1988. Massouros’ hypermodule over a krasner’s hyperring (R, +, -) is a canonical 
(additive) hypergroup (M, +) together with, a mapping o : R x M — M (described by (7, a) 
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— ro a) such that for any z, s e Randa, b e M, (i) (r:.s)oa-ro(soga), (ii) r o (a+b) 
=roatrob, (iii)(r+s)oa=roatsoa, (iv) r o 0 = 0. If, in addition, the hyperring 
R has 1, then hypermodule M is said to be unitary if for any a e M, loa a. 

In contrary to Massouros’ hypermodule, we have considered here another type of 
hypermodule (called G,,-module) over a G,,-ring, which is simply an additive commutative 
group M together with a mapping o : R x M — P*(M) satisfying some axioms as stated formally 
in te definitioon 2.1. 


2. PROPERTIES OF G,-MODULES 


Let R = M,,4(R) be the set of all 2 x 3 real matrices and 4 = (a, B) c M4,4(R). Then, 
(R, +, o) is a G,-ring where + is the usual addition of matrices and o is the hyperoperation 
on M defined by a o b = (aab, a-B-b}, in which * -° is the usual matrix multiplication. Now 
let M = M5," (R) be the set of all 2 x 2 real matrices. Then, (M, +) is a commutative group 
where + is the usual addition of matrices. We consider the mapping o : R x M — P*(M), 
described by (z a) —^ r o a, where r o a = (rca, r-B-a}. Clearly here (r 0 s)oa-ro 
(s o a) Vr s e R and Va e M. Also, this is to be observed that, p € r o (a + b) > p 
=ra(a+ b) (for some a € A)=raatraberoatrob, Vr e Rand Va, b e M. 
Thus r o (a + b croa-trob.Similrly (r * S)oacroa-c soa, Vr, s e Rand 


1 0/10 1 100 
Va € M. Moreover, corresponding to 4-410 0,|0 0j», we see that, for r = F 0 | 
0 0110 0 


0 1 0 2110 0 
eRa=b= 0 ole 4ro@t b= 0 orlo 0 ; while, roa=rob= 


0 1;10 0 0 1;;0 2110 0 
[o sto i and so, roat+trob= [o oto ‘| k |. whence, r o (a * 5) 


100 1 0 
groatrod, Apia fr r=s=|q 0 i e Rand for a = |o | e M, (r +s)o 


2 0j/|[0 0 1 0/10 0 
a= 19 oflo olf> while roq=soa= jig oflo o and so, ro a+soa= 
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1 0||2 O}/0 0 . 
[s Jr Ji I , whence, (r +s)0a groa- soa. This evokes the idea to perceive 


formally and study generally a new class of hyperstructure (called the G,-module over G,- 
ring) defined as follows: 


Definition 2.1. Let (R, +, 0) be a G,ring. A (left) G,-module over G,-module over G,-ring 
R(R-G;-module, in short) is a commutative group (M, +) together with a mapping o : R x 
M — P*(M), called an external hypercomposition (described by (z a) — r o a) such that for 
any rn s € R and a, b e M, 


(0 (ros)oa-ro(soa) Gj rofatbcroatrod, 
(iii) (rt+s)oacroatsoa, (iv) r o Oy = 02 0 a= (0,9. 


If in addition the G,-ring R has an i-set £= {e}, éy,..., e,) (resp. a hyperidentity e) then the 
G,-module (M, +, o) over a Gring (R, +, o) is said to be unitary (resp. hyperunitary) with 


n 
respect. to & (resp. e) if for any a e M, a € le o a (resp. a € e oa). 
is i= 


Example 2.2. (a) Every G,-ring (R, +, o) (with an i-set £ or a hyperidentity e) is a (resp. 
umitary or hyperunitary) G,-module (resp. with respect to £ or with respect to e) over itself, 
with respect to the external hypercomposition O defined by rOa=roa,VraeR. 

(b) Corresponding to every subset 4 € P*(R) (with | A | 2 2) of a ring (R, +, -), there 
exists a G,-ring (R,, +, o) where R; = R and for any x ye Ry xo y= (xay: a e A}. 
This Gring is called the G,-ring over the ring R induced by A, which we have studied in 
[8]. Now let M be an R-module. Then the additive group (M, +) is a G,-module over the 
G,-ring R; where the external hypercomposition o is defined by r o a = {raa:a e A). 
If the ring R has a unity and M is a unitary R-module and if R, has a hyperidentity e, then 
M is a hyperunitary G,-module over G,-ring Ry. 

(c) Let R = {aJ/2 + bJ3 : a, b € Q} and A = (42, J3 ). Then, with respect to usual 
addition + of reals, (R, +) is a commutative group, with identity 0. On R, o is a hyperoperation 
defined by 


(a42 + bJ3)o(cJ2 + 443) B {(avZ + 843). (642 + d43yi € A} : 


= {pV2 +2443, 3qv2 + pv3}, where p = 2ac + 3bd and q = be + ad. 
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Then, (R, +, 0) is a commutative G,-ring, in which € = {v2 +3 = is 43] is an 


i-set. The additive group of reals R is a unitary G,-module over the aforesaid G,-ring R where 
for any r e Rand ae R,roa= {r-J2-a, r J3:a). 


Definition 2.3. Let M and N be two G,-modules over a G,-ring R. A mapping f: M — N 
is called an R-G,-module homomorphism if for any r e R and a e M, (i) Ra + b) = fla) 
+ fb), (ii) fir o a) & r o fa), where for any A e P*(M), fA) = (fa) : a e A}. 


Example 2.4. Let R be a ring and M and N be two R-modules. Then, for any A € P*(R) 
(with | 4| 2 2), as we have seen in the example 2.2(b), the aditive groups M and N are two 
G,-modules over G,-ring R,. This is to be observe that every R-module homomorphism from 
M to N is an R,-G,-module homomorphism. The converse of this assertion is not true. In 
fact, let R be a non-commutative division ring with | R| 2 3 and M be a non-trivial vector 
space (i.e, R M  (0)) over R. Then the mapping f : M — M defined by Ra) = x-a, for 
some 0 + x € R is a group isomomorphism from the additive group M onto itself. Since R 
is non-commutative, f is not an R-morphism. Now let A = RW0]. Then, f is a R -G,-module 
homomorphism. Indeed, for any r e Randae M pef(roa)-fir.ssa:seA) p 
—-xorscasr(rixors:xl)p:x:aer:tr:xaero(x-a)(sinee t=r'-x-r-s:xte 
A) c rof(a), whence, ffr oa) Cro fla). 


Definition 2.5. Let (M, +, o) be a G,-module over a G,-ring R. A non-empty subset N of 
M is called a submodule of the G,-module M if 

(i) N is an additive subgroup of the group M, 

(ii) for any r e RandbeNrobzcN. 

Proposition 2.6. If N and K be two submodules of a G,-module M, then N ^^ K and N + 


K are also submodules of the G,-module M. Moreover N ^ K is a submodule of both the 
G,-modules N and K, each of which again being submodules of the G,-module N + K. 


Proof. We shall only consider the case of N + K for two submodules M and N. Clearly here 
N + K is a subgroup of the additive group M. Now, for any r e R and for any n e N, k 
eK roncNandrokc K, wencero(n* ) ron*rokcN * K. 


Proposition 2.7. Let M and N be two G,-modules over a G,-ring R and f : M — N be an 
R-G,-module homomorphism. Then, for any submodule M of the G,-module M, f\(N) = (a 
€ M: fla) e N') is a submodule of the G,-module M. 


Proof. Since, M is a submodule of the G,-module N, so N’ is a subgroup of the additive 
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group M. Thus, for the R-G,-module homomorphism f, f-!(") is a subgroup of the additive 
group M (since, f is a group homomorphism). Again r € R and a € f-(N) > fa) e N > 
froaycrofacN-roac/f'(N). Thus, £!(N) is a submodule. 


Corollary 2.8. Let (M, +, o) and (N, +, &) be two G,,-modules over a Gring (R, +, o) and 


f: M — N be an R-Gy-module homomorphism. Then, the kernel of f (i.e., the set Ker. (f) 
= {a € M: fla) = 0,}) is a submodule of the G,,-module M. 


Proof. Since, {0,} is a submodule of the G,-module N, so it follows from proposition 2.7 
that Ker.(f) = £!((0,)) is a submodule of M. 


Definition 2.9. A G,-module (M, +, o) over a G,-ring (R, +, o) is said to satisfy the condition 
(34) if the sét equality (—) o a = r o (-a) = +r o a) (called the condition (%)) holds true 
for any two elements r e R and a e M. 


Example 2.10. For any commutative group (G, +), the hyperstructure (G, +, o) is a commutative 
G,rring when x o y = (05, x, y], Vx y € GV (05), and x 005, = 05 0x = (05), Vx € 
G. The G,-ring G over itself is a G,-module which does not satisfy the condition (94). 


Now we define © : G x G — P*(G) by stating that g o a = (0c. g, —g, a, —a), Vg, 
a € GWM0g), and g O 0, = 05 © a= (05), Vg, a € G. Then the additive group G is a 
G,-module with condition (M), over the G,-ring (G, +, o) with respect to the external 
hypercomposition O. 


Definition 2.11. Let A be a subset of a G,-module (M, +, o) over a G,-ring (R, +, o). Then, 
the submodule of the G,-module M generated by A is the smailest submodule of the G,,-module 
M containing A which is denoted by «4». A submodule M' of the G,-module (M, +, o) is 
said to be finitely generated if M' = «4» for some finite subset A of M. The cyclic submodule 
of the G,-module M generated by an element a of M, denoted by (a) is the submodule «(a)» 
of G,-module M. 


Remark 2.12. The submodule of a G;,-module (M, +, o) over a Gring (R, +, o), generted by 
the empty subset > of M is the zero module {0,,} and thus is the smallest submodule of M. 


Proposition 2.13. Let A be a subset of a G,-module (M, +, o) with condition (M), over a 
G,rring (R, +, 0) and a € M. Let I be a left ideal of the G,-ring (R, +, 0). Then, the sets 
(i) To A, Gi) Toa, (iii) Ro A, (iv) Rea are submodules of the G,-module M, where, 
for any (S, A) e P*(R) x P*(M) and for any a € M, 


ON G,-MODULES 57 





n 
TA =U, Essa > 5; € Sa; e A,n ex} and Soa=So {a}. 


i-l 


Proof. Let p, q € Io A andr e R. Then, p € Dog andq € 2 sj j for some r, 
i=] j= 


3 


m n n 
s € Land a, b, € A. So, p-q € ( nea|- 2 sb 5 inta * PRU 


il 
-— 





TMs 


m n n 
arae Uae EE and also q eropcro Enea c Yrs(nea) = 
E = i= 


r. 





n n 
Y(ren)a qc 2 ?dj C [o A for some f, € (ror) c I. Hence Jo A is a submodule 
= i= 


of M. The sets (ii), (iii) and (iv) can be proved to be submodules of M similarly. 
Proposition 2.14. Let A be a subset of a G,-module (M, +, o) with condition (M), over a 
G,rring (R, +, o) and a € M. Then, 
es n 
(i) <d4> = Rod + Ba thy €Z,a, € 4 
c 


(ii) <a> = Rog +t Ufa: re Z} 


If, in addition, the G,,-ring (R, +, o) has an i-set € and G,-module (M, +, o) is unitary with 
respect to £ then. 


(i) «4» = Rog and (i <a> = Roa 


n 
Proof. Let a, b € Rod eo [Ens ta; EZ, a <4} and r e R. Then, a € Zr od; + 
3 -l 


{= 


m q 
È Nye; and b e Fsk oby + Lud for some r, S € R, a, b, c, d e A, n, 1, € Z and 
j=l k=l 1=1 ! n 


3 Y ; 
mnpgeNSoa-be [Ens ep 5k ob + 2. yey ~ *ud, = Ln 


i=l 1=l 
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m q n P, m 
eS poh) ee eye SC) = Shek Sonya 2574 EN 
. kal jal wl i=l k=l j=l t=] 


" n m 
C RoA * uf Ena DÀ; €Z,5 < 4} and alsoc eroacro [Enea Eae) c 
zl = = 


n n m 
Xre(nem) + 2 owe) - Zlren)oay + 2 rlreey) > c € 


i=] = 


n m n 
f ea ue) + (0,3 (for some e (ror) Rəd * V DLE A € Z, a 
= = i= 


n 
e A}. Hence Ro 4 + Ut 2a; : À; € Z, a, € A} is a submodule of M. Clearly, 4 c Ro 4 
H 
+ tot Lx : À, € Z, a, € A}. Moreover, for any submcdule K with A c K, clearly Ro 4 
i= M k e 


n n 

+ Uf Za : à; € Z, a, e A} CK. So, <A> = Ro A +U {EA : À, € Z, a, € A}. The 
m i=] 

case for (ii) can be proved similarly. 
Now, if E = (ej, e;,..,e,) be an i-set of the G,-ring (R, +, o), then for any a e A, 


n n 

ae Desa; vt Nai : À, € Z, a, € A} C Ro å, Whence <A> = Ro 4. The case for 
i= = 

(ii)! can be proved similarly. 


Deinition 2.15. An R-G,-module M is said to be simple if the only submodules of M are (0,,) 
and M. 


Proposition 2.16. Let R be a G,,-ring with an i-set and M be a unitary R-G,-module with 
condition (M). Then, M is a simple G,-module if and only if M is a cyclic G,,-module generated 
by every non-zero element of M. 


Proof. Since R is a G,-ring with an i-set and M is a unitry G,-module with condition (2f), 
so by proposition 2.14(ii), <a> = Roa is a non-zero cyclic submodule of the G,-module 
M, for every non-zero element of M. Thus the result follows from the definition 2.15. 


Definition 2.17. Let p be an equivalence relation on a Gy-module M over a G,rring (R, +, 
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o) and let A, B € P*(M). Then we define that, ApB if for each a € A there exists b' e B 
such that, apb’ holds and for each b € B there exists a’ € A such that, a’pb holds. An equivalence 
relation p on a G,-module M over a G,,-ring (R, +, o) is said to be a congruence on Gy- 
module M if for any r € R and a, b, c € M, apb > (i) (a + c)p(b + c) and (ii) (r o a)p(r 
o b). 


Proposition 2.18. Let p be a congruence relation on a G,-module M over a G,-ring R. Let 
M/p be the set of all p-eqivalence classes g of M under p. On M/p a binary relation + is 
defined by a +b 2 a--b, Va, b e M. Then (Mp, +) is a commutative group. An external 
hypercomposition o : R x M/p — P*(M/p) is defined by rog = roa = {@ :ceroa]. 
Then the group A/p is a G,-module over Gring R with respect to the external 
hypercomposition o 

Proof. Since, by de=inition, p is a congruence on the commutative group (M, +), clearly here 
(M/p, +) is a commutative group with identity Oy, = Oy- 

Now let a, b = M be such that Z = 5 . Then apb. Hence, for any r € R, (r o a)p(rob). 
So, for each c e r o a, there is d e r o b such that cpd ie, c = q'. Thus ro a cr 
o b. Similarly, ra bc roa, whenceroa ^ro b. 

For anyrs=RandaeMpe(ros)oa peto da (forsometero s) 
= fsg € (ros)oc = ro(soa) => pe reb (fosomebesoa)-rob cro $07 
-ro(soa)-»(rosjoa cro(so a). Similarly, ro (s o a) c (ro s) o à, whence 
(ros)o @=ro(so @). 

Again, (r + s)0 à = (rt+s)oa G roa+soa = reat soa=roat+so d. 
Moreover, for any c, b e Mandre R,ro (a +5) =ro qth = re(athb) GS roatrob 


= roq +t robh =rogtrodb. 


Finally, for any a € M, 0p o d = Opoa = {0y} (since, Op o a = (0,3) = (0,7 





(0,,,)- Also, for aay r e R, r o Oyy =r 0 Oy = ro0y = Oy} = (0,0 = (0, 
Definition 2.19. Let N be a submodule of a G,-module M over a G,-ring R. For a, b € 
M, a is said to be congruent to b modulo N, denoted by a = b(mod N) if a — b e N. 


Definition 2.20. Let N be a submodule of a G,-module M over a Gring M. Then, = (mod 
N) is a congruence relation on the G,-module M and Ml Lt modN) ={a+N:ae Mj. 
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Proof. Since N is a submodule of the G,,-module M, so (N, +) is a subgroup of the commutative 
group (M, +). Hence the relation = (modN) is a congruence relation on the group (M, +) such 
that M) moan) = {a+ N:a e M). Now, let a, b € M be such that a = b(modN). Then, 
a =b + n for some n e N. Thus, for anypre Rroa-ro(b*n)crob-*ron 
crob + N> for any p e (r o a), 3d' erob and n e N such that p = q' + n ie, 
p = q'(modN). Similarly, for any q € (r o b), 3p' er o a such that, p' = q(modN). Hence, 
(r o a) = (r o bXmod N). So, = (mod N) is a congruence on the G,-module M over G,- 
ring R. 


Proposition 2.21. Let p be an equivalence relation on a G,-module M over a G,-ring R and 
let N = ker(p) = (a € M : ap0,j. Then, p is a congruence relation on the G,-module M 
if and only if N is a submodule of M and p is = (mod). 


Proof. Let p be a congruence relation on a G -module M. Then, clearly N = ker.(p) is a subgroup 
of the additive group M and p is a congruence modulo the subgroup N. Now let r € R and 
a € ker.(p). Then, ap0,, and thus (r o a)p(r o 0,) = (0,1 > ppO,, Vperoa-ro 
a c ker(p), whence N = ker(p) is a submodule of the G,-module M. 


The converse part of the proposition has been proved in proposition 2.20. 


Remark 2.22. In view of the proposition 2.21, we can say that the class of all congruence 
relations on a G,,-module M is in one-to-one correspondence with the class of all submodules 
of M. Thus, corresponding to every submodule N of a G,- module M over a G,-ring R, we 
have the quotient G,-module M/N = Mov) {4 + N:a € Mj, where for any, a, b € 
M andr e R (a- NF) *(b* N) - (ac b) - Nandro(a- NF) (roa) * N— (e 
N:ceroa)j 


Theorem 2.23. (Correspondence theorem) 


Let N be a submodule of an R-G,-module M. Then, there is an inclusion preserving bijection 
from the set of submodules of M/N to the set of submodules 4 of M such that N c 4. 


Proof. N being a submodule of the R-G,-module M, is a (normal) subgroup of the additive 
(commutative) group M. Thus the mapping f defined by A — f(A) = AIN is an inclusion 
presereving bijection from the set of subgroups 4 of the additive commutative group M, 
containing N to the set of subgroups of the group M/N. 


Now, let 5,, be the set of all submodules 4 of the G,-module M such that N c A. while 
Sigy be the set of all submodules of the quotient G,-module M/N. Then for any 4 € Sy 
A/N is a subgroup of the additive group M/N (since, 4 is a sub-group of he group M). Now, 
for any r € R, and a + N e A/N, we see that r o (a + N) "roa * N c AM (Since ro 
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ac A). So, A/N € Syy Again, for any P € Syp, X = (x e M:x + N e P) is clearly 
a subgroup of the group M. Moreover, for any r e Randx e Xaerox-a-*Ne 
roxtN-ro(x * N) c P (since P is a submodule of MWN) — a e X. So,r ox c X, 
Vx € X. Clearly N c X (Since, Oyy = N € P). Thus, X € Sy such that X — AX) = P. Hence, 
f is an inclution preserving bijection from Sy, to Syy- 


Theorem 2.24. (Isomorphism theorems on G,-modules) 
(I) Let f : M — N be an epimorphism from a Gy-module (M, +, 0) to a Gy-module (N, +, 
0) over a G,r-ring (R, +, o). Then, 
M / Ker(f) ~ N. 
(II) Let A and B be two submodules of a G,-module (M, +, o) over a G,rring (R, +, o). Then 
Á / (4 ^ B) = (A + ByB. 

(HI) Let A and B be two submodules of a G,-module (M, +, 0) over a Gy-ring (R, +, ©), 
such that B c A. Then 

(MIB) Í (A/B) =~ M/A. 


Proof. (T). Since, f : (M, +, o) —> (N, +, o) be an R-G,-module-epimorphism, so f : (M, +) 
— (N, +) is a group-epimorphism. Thus, the mapping ¥ : (M/ker.(f), +) — (N, +) defined 
by V(a + ker.(f)) = fa) is a group-isomorphism. Now, for any a e M andr € R V(r o (a 
t ker(f)) = V((r o a) + ker(f) = froa) cro Ka) =r o V(a + ker(f)). Thus, VY is an 
R-G,-module-isomorphism. 


(II) Since, the mapping f : 4 — (A + ByB defined by fa) = a + B, Vae A is a Gyr 
module-epimorphism with ker.(f) = A A B, the proof follows from (I). 


(II) Since, the mapping f: M/B — M/A defined by f(m + B) = m + A is a G,-module- 
epimorphism with ker.(f) = A/B, so the proof follows from (I). f 


Definition 2.25. An R-G,-module M is said to be Noetherian (or to satisfy ascending chain 
condition) if for every ascending chain M, C M, c M, c .... of submodules of M, there is 
a natural number n such that M, = M, for all k 2 n. 


Definition 2.26. An R-G,-module M is said to satisfy maximum condition if every non- 
empty collection of submodules of M has a maximum element relative to the ordering of 
set inclusion. 
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Proposition 2.27. Let R be a Grring with an i-set and M be a unitary R-G,-module with 
condition (M). Then the following statements are equivalent: 

(i) M is Noetherian. 

(ii) M satisfies maximum condition. 

(iii) Every submodule of M is finitely generated. 

Proof. (i) — (ii). Straightforward. 

(ii) = (iii). Suppose N be a submodule of the G,-module M. Let S, be the collection of all 
finitely generated submodules of N. Clearly, Sy is a non-empty collection, since N contains 
the zero submodule <0,> = {0,,} of M. Then, S, has a maximal element; let it be N'. Then, 
for any a € N, the submodule V + Rog of M is contained in N and is finitely generated 
by the finite set X U {a}, where N' = «X» (since M is a unitary R-G,-module with condition 
(20). So N + Roa € Sy Bu, V CN + Rog and N is maximal in Sy. Hence, N = N 
+ Roa. Thus, Rea c N'. Here, a € Rog so, a e N'. Hence, N CN’, whence N = N, 
ie. N is finitely generated. 


(iii) = (i). Let My c Mj © M, c... be an ascending chain of submodules of the G,-module 
M. Then, N = UjeNg M, is a subgroup of the additive group M. Now, for any a € N, Jie 
No such that, a € M, and thus for any r e R, r o a c M, whence r o a c N. So, Nisa 
submodule of the G -module M and hence N is finitely generated by A = (a, a5,..,a,) say. 
Then, a, € Mj for each r = 1, 2, ..., n. Let k = max. (i,). Then, N = «4» c Mp whence, 
M, = M, Vizk 

Proposition 2.28. If M be a Noetherian R-G,-module, then every submodule of M and every 
quotient G,,-module of M are also Noetherian. 


„Proof. The statement concerning submodules is obvious, since the submodules of submodules 

of a G,-module M are also submodules of M. That every quotient G,-module of M is 
Noetherian, when M is so, is an immediate consequence of the correspondence theorem of 
G j-module. 


Proposition 2.29. If M be an R-G,-module and if N be a submodule of M such that N and 
M/N both are Noetherian, then M is also Noetherian. 


Proof. It follows from the correspondence theorem and the fact that the intersection of two 
submodules of a G,-module M is also a submodule of M. 


el 
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3. A CURIOUS EXAMPLE OF G,-MODULE 


Given any non-empty set X, we shall construct in this section a hyperunitary (resp. unitary) 
G,-module F with condition (M), over a G,-ring R with hyperidentity (resp. with i-set) and 
with condition (R). Also we shall construct a mapping À : X — € such that 1 embeds X into 
F and Im(X) becomes a spanning set of the G,-module € in case when the G,-ring R has 
a hyperidentity. | 


Example 3.1. Let R be a G,-ring with hyperidentity e and X be any non-empty set. Suppose 
f be the set of al those mappings 0 : X — R such that 0(x) = 0, for all but finitely many 
x € X. On € we define, (0 + $)(x) = 0(x) + $(x), VO, 6 € F and Vx e X. Then, (F, +) is 
a commutative group with identity 0, defined by 0,(x) = 0s, Vx € X and for any 0 c f, 
(-9)(x) = -(8(x)), Vx € X. The additive commutative group fF is a hyperunitary R-G,,-module 
with condition (M) where the hyperaction o of R on € being defined by r o 0 = {y e F 
: w(x) € r o 0(x), Vx € X), for all r e R and 0 e f. 


In fact, for any 0, 6 € F and z s € R, we have the following: 


(1) £6 = 0, thenro0,— {y : y) e r o 0x) = {0p} = (09). So, r o 9 is non-empty 
when 0 = Ôp If 0 # Op let xj, x, x4... x, € X such that 0(x) # 0 and O(x) = 0, Vx e X 
\ {x}, x, x4, x,). Now, we choose y, € r o 6(x,) for each x, and then define a mapping 
V : X > R by stating that (x) = y, Vi and (x) = 0Vx e X | (xy x, x3, .,x,). Then, 
y € Fand y ero implying that r o 0 is non-empty. So, o is an extarnal hypercomposition 
of F by R. 


(2) 6e(ros)o0-5 y etoO forsometeros> y(x)etoO(xVx e cro 
s) o 6(x) =r o (s o 6(x)) > y(x) € r o p, for some p, € s o 0(x). We define a mapping 
À : X — R by stating that A(x) = p,. Since 6(x) = 0 for all but finitely many x € X, so A 
e f. So, y(x) e r o A(x) for some A(x) eso0(x) > y er OA for some À eso => 
y ero(so80) Thus, (ros)o0 G r o (s o 8). Similarly r o (s o 0) c (r o s) o 0, whence 
(ros)o8=r0(s 0 8). 


3) yEe(rts)o08> Vx € X vw) € (r+ 5) 0 Ox) Cro bax) + s o 0) 2 ¥@) = 
p, + q, for some p, € r o O(x) and q, € s o 0(x). We define y,(x) = p, and ¥.(x) = qy 
Since, 9 € F we have y}, y, E €. Moreover, y(x) € r o 0(x) and y.(x) € s o 09(x) for 
all x e X. Thus y, € roO and y, e so0. Now for all x € X, 6(x) = y0) + vo) > 
v= t $7 y eroO * soO. So (r * ))oO0c roO * $00. 


(4) y € ro(0 + 6) = Vx e X, (x) e ro(0 + $)(x) = ro(0(x) + $x) & ro8(x) + rok). 
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Thus by the arguement same as that applied in (3), we can show that y € roO + rod. So, 
ro(0 + $) c roð + rod. 


(5) (a) Let the G,-ring R has a hyperidentity e. Then for each x € X, 0(x) € e06(x) (since, 
0(x) e R). Hence, by definition, © e e 00. Thus € is a hyperunitary R-G,-module. 


(b) Let the G,-ring R has an i-set € = (ej, €z., e). Then for each x € X, 0(x) € 
n n 
>ei e8(x) => @(x) = p for some p. ce,08(x), i = 1, 2,..., n. We define for each i, a 
i= = 


mapping v; such that Vx e X, ¥; (x) = pl. Since 6(x) = 0 for all but finitely many x € 
p i i Px 


X, so V; € €. Moreover, for each x € X, ¥;(%) = p. € e,00(x) — wv; €e,o0 (for each i). 


n, "n n n n 
Now, 0(x) = Xn = 2. Wr) = (s ja —0- Pe € 2e, ?O. Thus fF is a unitary R- 
> = l= i= m i= 
G ,-module. 


(6) y e (r) o 8 > Vx e X, $(x) e (-r) o 9(x) = -(r o 9(x)) (since, G,-ring R satisfies 
condition (&)) > Cy x)) e ro8(x) >-y erob > y e rob). So, -r) 08 c -(ro8). 
Similarly {r o 8) c (=r) o 8 whence (-r)0 8 = ~r o0). By the similar arguement, r o 0) 
= -(r o 9). Hence, the G,-module F is a R-G,-module with condition (M). 


Now, we define a mapping A : X — € by stating that Vx € X, x > A(x) = ALE F 
such that 


e wheny =x 
4,0) = 0, when y +x 


when the G,-ring R has been taken to have a hyperidentity e. 


This is to be observed that for any x, y € X, A, = A, > 4,0) = 4,0) > X40) = 
=> x = y, whence À is an one to one correspondence between X and /,(4). Let 0, 0 E€ F. 
Then, there are x,, x,..,x, € X such that O(x,) # Op for each i, and 0(x) = Op, Vx € X xj. 
- Now, for each i we define 0, € by stating that 0(x;) = 0(x) and 0) = 0,, Vx e X with 
x # x, Then, ő, € 0(x)o Àx- In fact, 9(x) = 60(x) e 0(xjo e = 0(x) o x, (x,) and for any 


n n 
x*x,0(x) = 0p E O(x) 0 0p = O(a) 0 Ax, (x). Clearly then, 0 = Eg € 2 (0s) is) Again, 
= i= 


(0,3 = 0,(x)oA,, VxeX. Hence, Im(A) = 14, : x e X] spans the G,-module fF. 
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Now suppose that the G,-ring R has an i-set € = (ej, e;,..,e,). Then for each i, we 
define a mapping 4$ : X — € by stating that Vx € X, x > 36 (x) = A& € € such that 


e, when y=x 


Ney) = 


0. when y # x 


n 
Let 4: X — ¥ defined by x > A(x) = A, = XX € f. This is to be noted that the 


mapping À so constructed does not embed X onto Im(A). 
We now propose the following definition of free Gy-module. 


Definition 3.2. Let R be a G,-ring with a hyperidentity and with condition (R) and let X be 
a non-empty set. By a free R-G,-module on X, we mean a hyperunitary R-G,-module F with 
condition (M), together with a mapping f : X — F such that, for every hyperunitary R-G,- 
module M with condition (M) and every mapping g : X — M, there is a unique R-G,-module 
homomorphism h : F — M such that h o f= g. We denote such an R-G,,-module by (£ f). 


We conclude this paper by keeping the following three subsequent problems open. 


Problem 3.3. Let R be G,ring with a hyperidentity and satisfies condition (R). If for any 
non-empty set X, F be the hyperunitary R-G,-module with condition (M), so constructed in 
example 3.1 and A : X — € be the mapping described in example 3.1, then can (F, X) be 
a free R-G,-module on X, in the sense of the proposed definition (3.2) of freeness of G,- 
module? 


Problem 3.4. If (F, à) comes to be a free R-G,,-module and (F f) be another free R-G,,-module, 
can then G,-module F be isomorphic to the G,-module €? 


Problem 3.5. Let R be a G,,-ring with an i-set and with condition (R). Suppose f be the unitary 
R-G,-module satisfying condition (M), as defined in the example 3.1. Then does there exist 
a mapping A : X — € such that it embeds X into F and Im(X) becomes a spanning set of 
the G,,-module £? 


Acknowledgement. The author is grateful to Dr. M. K. Sen of the Department of Pure 
Mathematics, University of Calcutta, for his illuminating suggestions. 
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ABSTRACT : In this paper we present some common fixed point theorems for an £-chainable metric 
space. 
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1. INTRODUCTION 


In 1883 Cantor defined connectedness with the help of e-chains which have been studied 
extensively by many mathematicians [Reference 1, 2, 3, 4, 5, 6, 7]. These s-chains were defined 
between two given points and comprised of points of the metric space under consideration. 


On the other hand a number of fixed-point theorems have been proved for metric spaces, 
2-metric spaces, Hilbert spaces, Banach spaces [Reference 8, 9, 10]. The object of this paper 
is to obtain some common fixed-point theorems for an £-chainable metric space using general 
contractive conditions. 


2. PRELIMINARIES 


Definition 2.1. Let (X, d) be a metric space. An e-chain is a finite succession of points ap, 
dj, Q5, azs- Q, ,, 2, in X such that d(a; ,, a) 2 € for i= 1, 2, ..., n. The integer n is called 
the length of the e-chain. 


Definition 2.2. A space (X, d) is £-chainable (e-connected) if every pair of points in it can 
be joined by an e-chain of points in the set X and (X, d) is called chainable if it is e-chainable 
for each positve e. 


The space (X, d) is called complete chainable metric space if every Cauchy sequence converges 
in it. 

Throughout this paper length of e-chain between any two points x and y in X means length 
of shortest £-chain between points x and y in X. 
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Example 2.2.(a) Y = 4 U B and d be the usual metric on Y 

where 

A= (1, 1/2, 1/3) and B = (22, 1/32, 1/42} 

Then Y is e-chainable for e = 1/2 and length of biggest e-chain in Y is 2. 


Example 2.2. (b) Let d be the usual metric on RxR then the set CgUC,UC, .... UC, is &- 
chainable where Cy, Cj, ..., C, = C are circumferences of concentric circles of radi R/n, 2R/ 
n, 3R/n, ...., nR/n respectively, here ¢ 2 R/n and the length of biggest e-chain in space 
((CgUC UCU ...UC,), d) is n. 


Example 2.2. (c) Let (R, d) be the usual metric space and Y = A U B where 4 = [1, 2) and ' 
B = (2, 3] Then (X, d) is a disconnected subspace of (R, d) but is e-chainable for every & 
> 0. If e = 1/2 then length of biggest e-chain in space (Y, d) is 5. 


3. MAIN RESULT 


Theorem 3.1. Let (X, d) be a complete e-chainable metric space and let S, T be two self maps 
of X, if 


c = d(Sx, Ty) < ad, Sx) + a dy Ty) + adla, Ty) + agd, Sx) + ads y) (1) 
for all x, y € X where aj, a, a4, a4, a; are non negative reals. And 
Max ((M(a, + a, + 2a, + a), (a; + a, + a,*ta)) «1 .. (2) 


where M is the length of the biggest e-chain in space (X, d) such that M 2 0. Then S and 
T have unique common fixed point. 


Proof. We define a sequence {x,} as follows 
SX, = xy Sx = x4 Sx, = x, 2s Sone, = X28 
Tx, = xy, Tx, = Xy Tg = Xs nun Te, 7 Xon 


If xj, = Xy+] = X242 for some n, then we see that x,, is a fixed point of S and T therefore 
we Suppose that no two consecutie terms of sequence (x,) are equal. If N is the length of 
£-chain between x,,,, and x,,,, then e-chainability of (X, d) gives. 
A Xap ys Xam ) SNE 

<Me [as M 2 N] 
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= M d(Sx, ru, Troy) [using (1)] 
S Made, Xon) + adus Tioma) + ados T») 
+ adu, Su) + asd. Xama) [using (1)] 
= Mlad žan) + 2305, Xam) + 44805, Xam) + add, o, x») 
+ asda X22) 
< Mlaydoo, us xy) + ado, Xy) + 4dana Xu) + addon, Xan) 
+ asd (ou Xo742)] 
[1 - Ma, + a, + ag]d(x, i X542) S Mat apap Xone) 
Mla, +a 
S Ws ds) Tiere rag] Pon 


In general 


M(ai t a4) 
=> dx, X21) x — M(a; ta + yom 


M(a; * a4) 
= d(x,, Xn) <k x, 5, x,) Where k = [1- M(a; +44 t as) < 1 [using (2)] 
=> d(x, x4) S K'd(x,, xi) 
Now we prove that (x,) is a Cauchy sequence, if p is any positie integer then we have. 


d(x,, Xp ip) Sx. Xu) T duas Xu) Tus dx Xntp) 
< dp n ap pro uu, p ET es) 





S ütn d(xo.x1) 


as n — o d(x, Xntp) > 0 
Therefore {x,} is a Cauchy sequence in X. As X is a complete space so there exists a point 


x in X such that lim x, =x. 
noo 
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Existence of fixed point: 
Consider 
d(x, Tx) S d(x, x,,) + d(x,,, Tx) 
= d(x, x4) + d(Sx, y, Tx) 
S d(x, Xap) + ajd(x,, 4, Xn) + dix, Tx) + a4d(x, a, Tx) + a4d(x, Sx», ) 
+ asd(x, s X) 
= AX x4) + ayd(xo, 44, Xan) + ayd(x, Tx) + aqd(x,, TO) + a4d(x, Xap) 
+ asd, us) 
As (x, and (x),] are subsequences of {x,}, as n — o x,, > x and Xom x 
Therefore 
d(x, Tx) < (a, + a,)d@, Tx) 
=> [l -(@ + a,)]d(x, Tx) < 0 (As (a, + a) < 1, by (2)) 
=> d(x, Tx) = 0 
=> Ix=x 
Similarly we can prove Sx = x. This shows that x is common fixed point of S and T. 
Uniqueness: Let u be another fixed point of S and T. d(x, u) = d(Sx, Tu) 
< a,d(x, Sx) + a,d(u, Tu) + a4d(x, Tu) + a,d(u, Sx) + asd(x, u) By (1) 
=> d(x, u) < [a, + a, + a;]d(x, v) 
=> [I - (a, + a, + a,)]d(x, u) < 0 
=> d(x, uv) = 0 (as (a4 + a, + as) < 1) 
=> x FRU 
This Complete the proof. 
Theorem 3.2. Let S, T be two self maps of a complete e-chainable metric space (X, d) satisfying 
e? = {d(Sx, Tu)} < ad, Sx)d( Ty) + Bd, ydQ, Sx) -. (3) 
for all x, y € X where a, f are non negative reals. And 0 < Ma < 1 ^. (4) 


where M is the length of the biggest e-chain in X such that M 2 0, then S, T have a common 
fixed point. If further B « 1 then S and T have a unique fixed point in X. 
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Proof. We define a sequence {x,} as follows 

Sx, = Xo Sx; = X5, Sx; = X4> seg SXo n+] Lnd Xn 

Tx, = xy, Te, = xy, Tig = Xs os Dou = Xa 
forn=0, 1,2... 


If x2, 7 Xn41 = X449 for some n, then we see that x,, is a fixed point of S and T. Therefore 
we suppose that no two consecutive terms of sequence {x,} are equal. If N is the length of 
e-chain between x,,,, and x, then e-chainability of (X, d) gives. 


dant X252) SNE 
(dap Xm) SN S 
< Me [as M? > M] 
= Md(Sxon41 Tiama)” [using G) 
€ M'ad(o, a; Moye AEn Tiam) + MBAR ps Pons) Armia» 95,4) 
By (3) 
= Madr X), Foner) + MBA A2 Xan) 
> {mp Imd} S Mod Xap ua. x.) dosis, Font) 
> dpr X2) S M'odGo,, Xanti) l 
In general 
=> UX» x4) € Mad(x, Xp) 
=> Kyo x,4) € kd(x, 4, Xp) where k = MM a < 1 By (4) 
=> A(X» Xm) S K'd(x, xj) 
Now we can prove that {x,} is a Cauchy sequence (as proved in theorem (3.1)). 


As (X, d) is a complete space so there exists a point x in X such that lim x, =x. 
n» 


Existence of fixed point: 

Consider 

d(x, Tx) < d(x, x5) + d(x,,, Tx) 

=> P(x, Tx) < P(x, xap) + P(x, Tx) + 2d(x, xp) Tx) 
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= P(x, xj) + d'(Sx, TX) + 2d(x, x4, (X, Tx) 
€ F(x, x, ) + Ad 1, Moped, Tx) + BdG, Td, Sx, i) 
+ 2d(x, x, )d(x,,, Tx) 
= F(x, x,,) + ad(x,,. Sue Tx) + Bd(%,41, Tx)d(x, xap) 
+ 2d(x, x, )d(x4,, Tx) 

As (x,,,,) and (x,,) are subsequences of {x,}, aS Nn —> ox, x and xj» 444 X 
Therefore l 
d(x, Tx) < 0 
=> Tx =x 
Similarly we can prove Sx = x. This shows that x is common fixed point of S and T. 
Uniqueness. 
Let u be another fixed point of S and T. 
d(x, u) < d(Sx, Tu). 
=> P(x, u) < &(Sx, TW) 

< ad(x, Sx)d(u, Tu) + Bd(x, Tu)d(u, Sx) By (3) 

< Ba*(x, u) 
> q ~ Bax u) < 0 
=> Ax, u) = 0 (as B < 1) 
xcu 
This complete the ae, 


Theorem 3.3. Let S, T be two self maps of a complete £-chainable metric space (X, d) satisfying 


ane (d. S?" + (dx, Ty) 
' e= als) < d- T Se + d(x, 19) | 


for all x, y in X such that dO, Sx) + d(x, Ty) + 0.,And 0 S cM < A, c «1 .... (6) where 
M is the/length of the biggest e-chain in X such that! M 2. 0. Then S, T have a common unique 
fixed point in X. 
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Proof. We define a sequence (x,) as follows 


Sx, = Xe Sx, = x2, Sy = X4) ees SX) 7 X2, 


forn0,1,2, ... 
If x), = Xm] = X244? for some n, then we see that x,,, is a fixed point of S and T therefore 
we suppose that no two consecutive terms of sequence {x,} are equal. If N is the length of 
£-chain between x, and x „3 then e-chainability of (X, d) gives. 
dO F242) <Ne 
< Me [as M> N] 


= M d($x, a, Tx). [By (S)] 


Warn 2 Son. + dn Ponsa} 
: zi done Sana + Aan ct Tag [By ©)] 


— Mo Cana. + Goss D. 
7 A (X27423%2n) + A(X2n41%2nt1) 


Melda X2,)] 
< MedEra Xo) + danii a) 
=> [l- Melda Xan) € Med Xan) 


=> dm X2m2) S rg] Xant) 
In general 
TX» X,4) sra] Aen xj) 


M 
dis, x) < kde, ys x) Where k = Tr Mc] < 1 Uv (91 


=> d(x, x,,) S K'd(xy, xj) 


74 S. S. PAGEY AND NEERAJ MALVIYA 


Now we can prove that {x,} is a Cauchy sequence (as proved in theorem (3.1). 


As (X, d) is a complete space so there exists a point x in X such that lim x, — x. 
no 


Existence of fixed point: 
d(x, Tx) S d(x, Xap) + d(x),, Tx) 
= d(x, xj) + d($x,,,,, Tx) 


(d(x, 5,0). + (Goss TOY? 
S d(x, Xap) “4 "DK RTT CURT [By (5)] 


f d(x, 22n)? + da1 = 
= d, xu) + "7 dxan) + dni TX) 
As (x,,] and (x4,,,J are subsequences of {x,} as n — © Xz, — x and Xap > X. 
=> d(x, Tx) < c d(x, Tx) 
> [l -— cld(, Tx) <0 (asc <1) 
=> Tx = x similarly we can prove Sx = x. 
This shows that x is a common fixed point of S and T. 
Uniqueness: Let u be another fixed point of S and T. 
d(x, u) = d(Sx, Tu) 
ed aU + (4G. 2 
d(u, Sx) + d(x, Tu) [By (5)] 
A(x, udu, x) + d(x, u) < cjdi, 3)? + {d u) 
=> 2{d(x, u)}? < 2c(d(x, y? 
=> [1 - c]{d(x, :))? < 0 
—dxu)-0 (asc«1) ] 
—u-x 


This complete the proof. 
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Theorem 3.4. Let S, T be two self maps of'a complete £-chainable metric space (X, d) satisfying 


£ = d(Sx, Ty) S Smax{d(x, y), [d(x, Sx) + do, 1y)], [ae Ty) + do, Sx)]} ..C7) 


for all x, y in X and 0 S 6M < A, 6 <4... (8) where M is the length of the biggest £- 
chian in X such that M 2 0. Then S, T have a common unique fixed point in X. 


Proof. We define a sequence {x,} as follows 
SX, = Xg, SX, = Xy Sx; 7 Xy «s Morey = X25 
Tx, = xy, Tx, = x4, Tg = Xs, s. Thani = Xan 
for n = 0, 1, 2, a. 


If xj, = Xon+1 ^ X245 for some n, then we see that x,, is a fixed point of S and T therefore 
we suppose that no two consecutie terms of sequence {x,} are equal. If N is the length of 
£-chain between x,,,, and x,,,, then e-chainability of (X, d) gives. 


dO, uas X2_42) S Ne Uem 
< Me [as M 2 N] 
= Má(Sx,, s. Ttapa) 
< Màmax(d(x,, as Xan) We rps Sx) + duo, TX), 
dO, Tiam) + dO, IXan) 
= Mémax(d(G ua. Xm) dO. Xan) + Amz Xoni) 
dO i. Xo) T dis xl 
= Mémax(d(x, ui, Xs). dO, us Xan) + dO, Xia) Am2 X2) 
= 6Mid(, i. Xan) + dO, Xone)! 
=> [1 - SMA X445) € BMAX» xu) 
M 


= dnis X22) $ i-em]? Gp. Fonts) 


=> drm Xam) S Kd Xap Xap) where k = UAT < 1 [By (8) 
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In general 

d(x, Xp) S kd(x, 1s x,) 

d(x, Xal) S K'd(xy, xi) 
Now we can prove that (x,) isa Cauchy sequence (as proved in theorem (3.1)). 
As (X, d) is a complete space so there exists a point x in X such that lim x, — x. 
Existence of fixed point: n 
Consider 
d(x, Tx) < d(x, x4) + d(x,,, Tx) 

= d(x, x,) + d($x,,, Tx) 
S d(x, Xop) + 6Max(d(x,,,,, x), Topp, Sx4,,) + A, Tx), doo, Tx) + d(x, Sx.) 
S d(x, Xap) + 6Max(d(x, i, x), Topi. x5,) + d(x, Tx), doo, Tx) + d(x, x5) 
As (x,,1J and {x} are subsequences of {x,} as n — © Xyp x and», > x 
Therefore 
d(x, Tx) < d(x, x) + 6Max(d(x, x), d(x, x) + d(x, Tx), d(x, Tx) + d(x, x)) 
=> d(x, Tx) < 8d(x, Tx) 
=> (1- d)d(x, Tx) < 0 (as 8 < 4) 
=> d(x, Tx) = 0 
= Tx =x 
Similarly we can proof Sx = x. 
This shows that x is the common fixed point of S and T. 
Uniqueness: 
Let u be another fixed point of S and T. 
d(x, u) = d(Sx, Tu) 
< Smax{d(x, u), d(x, Sx) + d(u, Tu), d(x, Tu) + d(u, Sx)] 

d(x, u) € 26d(x, u) 
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=> [1 - 28]d@, u) < 0 

=> dx, u)=0 [as 8 < 4] 

=>x=u 

This complete the proof. 

Theorem 3.5. Let S, T be two self maps of a complete e-chainable metric space (X, d) satisfying 
d(Sx, Ty) = € < 6 max(a(y, Sx), d(x, Ty), [d(x, Ty) + d(y, Sx)y2) wu (9) 

for all x, y in X and 0 < 8M < 4, 8 « ^ .... (10) where M is the length of the biggest s- 

chian in X such that M 2 0. Then S, T have a common unique fixed point in X. 

Proof. Proof of this theorem is similar to the proof of theorem (3.4). 

Theorem 3.6. Let S, T be two self maps of a complete e- chainable metric space (X, d) satisfying 

d(Sx, Ty) = € < dmax{cd(x, y), [d(x, Sx) + dy, 1y)V2, [d(x, Ty) + dy Sx)y2) (D 

for all x, y in X with 0 «c «4,0x6M «1and8 < VÀ ..... (12) and where M is the length 

of the biggest e-chian in X such that M 2 0. Then S, T have a common unique fixed point 

in X. 

Proof. Proof of this theorem is similar to the proof of theorem (3.4) 
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FREEING SETS AND ITS GRAPH THEORETIC 
RELEVANCE IN A RING R 


PROHELIKA Das 


ABSTRACT : The results of this paper are in case of a directed—graph in a ring R. The so-called 
freeing sets and the cliques are playing key roles in our discussion. In some special types of rings with 
its reduced character without infinite directed-cliques gives rise to some finiteness conditions on right 
annihilators of the subsets of R. The torsion-free right sub commutative character is an another aspect 
of importance in our discussiion. Existence of some sort of freeing sets in the ring is shown in case 
of a torsion-free ring which is a coloring. On the other hand a one sided ideal with freeing sets gives 
rise to the co-incidence of the clique and the chromatic number of the ideal with its corresponding notions 
when the ideal is intersected by the right annihilator of the freeing set. 


Key words and pharases : Freeing sets, clique, chromatic number, prime sub-module, torsion-free ring, 
sub-commutativity. 
AMS Subject Classification 2000: 16D25, 16D80, 16N40, 16P60, 05C15. 


1. INTRODUCTION 


In this paper we deal with directed graphs in a ring R and investigate some properties connecting 
the so-called freeing sets and its directed-cliques. 


Gp is the graph (K E) where the elements of the ring R is the set V of vertices and 
E is the set of edges. an element x(e R) is adjacent to ye R).if x - y = 0 or we call it “x 
and y are adjacent". i.e. two elements x and y are adjacent if there is a directed edge between 
them (clearly such a graph is a directed one). Two elements x and y are “adjacent to each 
other” if xy = 0 = y-x. We call it adjacent simply. If x and y are not distinct then (x, x) is 
a loop. A subset C (finite/infinite) of R is a clique if any two elements of C are adjacent. 
A finite subset C = (a, b, ..., d) = (xj, xj, «+ x,) say, we have x;x, = 0 for all i < j and 
it is to be noted that C will be a clique as in above sense, if C is a directed-clique for all 
possible labeled description of it. Now a countably infinite subset C is a directed-clique, if 
for each n e N, a labeled subset viz. X = (a, b, ..., d) = (xy, x4, =o X,} (c C) is a directed- 
clique and such a countably infinite set is a clique if for each n € N and for each above type 
of labeled description of X is a directed-clique. The minimum number of colors which can 
be assigned to the elements of R so that no two adjacent elements have same color is the 


` 
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chromatic number of R and is denoted by y(R). The cardinality of maximal directed-clique 
C in the ring R is c/ique(R). A ring R is a coloring if y(R) is finite. 


For graph theoretic fundamentals readers may go through any standard book of graph 
theory including Chartrand [2]. Throughout the paper R will mean a ring with unity not 
necessarily commutative and Rp(pR) will mean the right (left) module structure of R over itself. 


An element x(# 0) e R is r-freeing (right freeing), if for any a, b e R, ab = 0 gives 
ax = 0 and /-freeing (left-freeing), if ab = 0 gives xb = 0. A subset S (+ 0) of R is r-freeing 
(I-freeing) if its every non zero element is r-freeing (I-freeing). An element x c J (an ideal 
of R) with x/ + 0 is r-I freeing if for any a, b € I, ab = 0 gives ax = 0 and I-I-freeing if 
ab = 0 gives xb = 0. A subset S (+ 0) of I is r-I-freeing (!-J-freeing) if its every non zero 
element is r-I-freeing (I-I-freeing). An element x € S (c R) is I-freeing if xI + 0 and for any 
a, b € I, ab = 0 gives ax = 0 or xb = 0. A subset S of R is locally-I-freeing if for any x(# 
0) e S, x is Lfreeing i.e. xl # 0 and for any a, b € I, ab = 0 give ax = 0 or xb = 0. A 
subset S of R is I-freeing if SI + 0 and ab = 0 gives aS = 0 or Sb = 0. 


An element x € R is left finite (right finite) if Rx(xR) is finite. It is to be noted that 
in case of a noncommutative ring R for every r € R, rR = R, then R is a division ring. On 
the other hand, one can say in case of a division ring R, aR = R, Va e R. Moreover for some 
more general cases one would like to note Dheena [3], the notion of a Duo-Near-ring (sub- 
commutative) which may be considered as an analogous to what has been mentioned above. 
This justifiably motivates us as it is seen in case of a nearring [3] to give the notion of the 
left (right) sub-commutativity in a ring R as follows. A ring R is left-sub-commutative if for 
a, b e R we have d e R such that ab = da (right sub-Commutative if for abeR,3ce 
R such that ab = bc). The ring R is sub-commutative, if for a, b e R we have c, d € R such 
that ab = be = da. An annihilator of S(c R) in R is Ann(S) = {r € R|Sr = 0}. A sub-module 
S of Rp(pR) is prime if for every sub-module S, of S, AnnS, = AnnS. The intersection of all 
prime ideals of the ring R is the nil-radical of R. A ring R is prime sub-commutative in the 
sense that for any subset T and prime sub-module S of Rp, TS = ST. 


A subset 7(S) = (s € S|sr = 0 for some non zero r € R} of S is the torsion subset 
of S. S is torsion-free if T(S) = 0 [Goodearl. Page 5, [4]]. A ring R is reduced if its nil- 
radical J = 0. 


2. PRELIMINARIES 


Proposition 2.1. An element x € R is r-freeing if and only if x is r-R-/reeing. 


Proof. Assume x € R is r-freeing. Then x # 0. Clearly xR + 0. Now for any a, b € R, ab 
= ( gives ax = 0 as x is r-freeing. Thus x is r-R-freeing. Conversely, assume that x is an r- 
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R-freeing element. Therefore xR # 0 which gives x # 0. And for any a, b e R, ab = 0 gives 
ax = 0. Thus x is r-freeing. 


Note: 
1) An element x e R, is /-freeing if and only if x is /-R-freeing. 


2) Every locally N-freeing set is always an N-freeing set but the converse is not true. 
Converse is true only in case of a singleton set S = {x}. 


3) Every N-freeing set contains a locally N-freeing set. If an N-freeing set contans a locally 
N-freeing set with highest cardinality n, ten it is called an N-freeing set with degree 
n. 


Proposition 2.2. Let R be a ring with unity and S be a subset of R. If S is a prime sub-module 
of Rp, then S is I-freeing. 


Proof. S is a prime sub-module of R. Therefore S + 0. Let x(# 0) e S and a, b € S such 
that ab = 0 gives Sab = 0. Hence b e r(Sa) = r(S). Thus Sb = 0 implies xb = 0. Thus S 
is [L-freeing. 


Note. 1. If S is a prime sub-module of pR, then S is an r-freeing set. 


Noe. 2. R is a ring with unity and $ (a right ideal of R) is an /-R-freeing set. Then S is a 
prime sub-module of Rp. 


Proof. Since S is /-R-freeing, S + 0. Let 5, be any sub-module of the module S. Then r(S) 
c r($). Conversely, let a € r($). Then Sa = 0. i.e. Sa = 0Vs, € S. Since S is I-R-freeing, 
Sa = 0. Hence a € r(S). Thus r($) c r(S) giving thereby S is a prime sub-module or Rp. 


Lemma 2.3. Let R, and R, be two prime sub-modules of Rp, where R is a torsion-free prime 
sub-commutatie ring, such that r(R,) and /(R,) are different maximal ideals. Then R,R, = 0. 


Proof. Assume RR, # 0. Then R, Z r(Rj). Therefore there exists a r, € R, such that z, € 
r(Rj). Let x € r(Rj) : R, Then Rx c R, which gives rx € r(R,). Thus Rrx = 0 i.e. x 
€ (Rir) = r(Rj). Hence x € r(R,). Conversely, let x € r(Rj). So Rix = 0 => (R,x)R, = 0. 
As R is prime sub-commutative R,R,x = 0 which gives Rx c 7(Rj). Hence x € r(R) : R 
implying 7(Rj) c r(R,) : R, giving thereby 7(R,) = r(Rj) : Ry. 

Next for any x € r(R,), Rix = 0 gives (R,x)R, = 0. Consequently R Rx = 0. Thus x 
€ (R R). Conversely let x € r(R,R5) gives R Rx = 0. i.e. Rax c r(Rj). Thus x € r(Ry) : 
R,  r(Rj). Hence r(R R3) = r(Rj). Now a € 7(R,R,) implies R Ra = 0. i.e. R (Ra) = 0. 
Therefore R,a = 0 [R, is torsion-free] gives aR, = 0 [for any ar, € aR, ar, = r,a = 0 
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for some z’, € R,]. i.e. a € (R5). Thus F(R R) c KR). Again x € (R) gives xR, = 0. Therefore 
R ŒR) = 0 => RR = 0 [ryr,x = rix = 7,0 = 0 for some r'; € Ry}. Hence x € r(R(R)). 
Thus (R5) c "(R R) giving thereby /(R,) = r(R,R,). So (R5) = r(R R3) = r(R), a contradiction 
as r(R,) and ((R,) are different maximal ideal. Thus R R= 0. 


Lemma 2.4. Let R be a ring and 5 a finite sub-module of Rp. Then du. is a finite 
R-module. [S : x = {r e R\xr e S}. 


Proof. We know, Ann,(x + S) = {r e Rx + Sr = S} = {ir e Rar + S = S} = {r 
e Rr e S} = $:x Now the map f: Ann,(x + S) — x(Ann,(x + S)) defined by Ra) = xa 
is onto and Ker(f) = {a € Annp(x + Sa) = 0} = {a € Ann,(x + S)xa = 0} = (a e Ann, (x 


+ Sja e Anngx} = Anngx[Anngx c Ann,(x + S)]. Therefore, aes) = x( Ann a(x +5), 


i.e. er = x(S:x), Again, S : x = {r e Rixr e S) gives x(S : x) c S and since S is finite, 
therefore prm is finite. 


Lemma 2.5. Let R have an infinite numbers of right-finite elements. Then R contains 
an infinite clique where R is a right sub-commutative ring. 


Proof. Let x), x;, ... be distinct right-finite elements in R. Then the elements xx», ..., 
xyx, belong to the finite ideal x,-R. Now for some infinite subsequence a, from (2, 3, ..., 
n...}, we have Xj.Xa, = %1-%g, =... Consider the sequence X; , ¥a, , ... and repeat the procedure. 
Continuing in this way we construct a subsequence y}, y», ...., Yp» ... of the sequence x,, x»,... 
such that yy, ^ yy, where k j > i. In this sebsequence y; = xj, y; = Xa, etc. Put 24 7 y, 
uc Now ZyT 7 Wy, Q,- »pOy —- ») = yO- y) - Y, — y,) = 0. We now construct 
an infinite clique of R. Consider 2 9-234 = 2172-235 = 0. Since, 2,5 * Z3 s, at least one of 23 4 
and z} , is different from z, 4. If for instance z,, # 2,5 then {z, >, 235} is a clique with two 
elements. We observe that 267) 76g» Zgo are different and if for 269 € iz DZ sh then {z, » 
Z3 5» 269) is a clique with three elements. Continuing in this way we get an infinite clique 
of R. 


It is easy to see the following lemma. 
Lemma 2.6. Let R be a right sub-commutative ring and J be a finite ideal of R. Then R contains 


an infinite clique if and only if R contains an infinite clique. 
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Lemma 2.7. Let R be a right-sub commutative ring. If the ring R contains a nilpotent element, 
which is not right-finite, then R contains an infinite clique. 


Proof. Let x € R be a nilpotent element. Ten x" = 0 for some smallest integer n > 0. The 
proof goes by induction on n. If x? = 0 and xR is infinite, then xR itself is a clique. Suppose 
the hypothesis is true for elements of nil potency less than n. Now let x € R be such that 
x" = 0 and x is not right-finite. Then xR is infinite. Put y = x2. Then y"! = 0. If yR is infinite 


we conclude that R has an infnite clique. Assume that yR is finite. Denote xR = xk Then 


xR is an infinite clique in R= re then R has an infinite clique. 


Lemma 2.8. Let R be a right sub-comutative ring. If R is reduced and is without infinite 
directed-clique, then R has the a.c.c. on right annihilators of subsets of R. 


Proof. Assume an ascending chain of right annihilators of subsets of S as r(S,) c r(S,) c 
r($,) c....which is not stationary. Let x, € r(s)v(S, ,), i = 2, 3,... Then x, € r(s) and x, € 
r(S, ;). Consider y, = s, jx, where s, , € Spg Then y, = s, jx, y, = s, ax. Now for i > j, 
r(S) c r(S). Therefore x € r(s, ,). Le. S, aX, = 0. Then yy, = 0. Now z, = y, , for all n. 
And if y, — y, then y= y^ = 0 and is possible only when y, = 0 = y, as R is with zero 
nil-radical. Now since r(S,) c r($5) c... is not stationary therefore (z,), ,* is an infinite 
directed-clique of R, a contradiction. Thus R has the a.c.c. on right annihilators of subsets 
of R. 


Lemma 2.9. Let R be a torsion-free prime sub-commutative ring. If R is reduced and y(R) 
< œ, then the zero ideal of R is a finite intersection of prime ideals. 


Proof. Assume (R) < œ. Now since R is reduced, R has the a.c.c. on right annihilators of 
sub-modules of Rp of the form r(S5). Let r(S,), i € I be the distinct maximal members of the 
family (r(S)|S # 0} where S/s are prime sub-modules of R. Clearly each r(S,) is a prime ideal 
in R. We claim J is finite. Suppose that Z is not finite. Then S,S, = OVi, j € I which gives 
an infinite clique or R, a contradiction. Hence the claim. Now we consider a subset T(= 0) 
c R. Then (T) c r(S)) for some i e J. If TS, = 0 then S, c r(T) c r(S,)) gives S? = 0. Therefore 
S, = 0, a contradiction. Hence TS, + 0. Now since R is prime sub-commutative, ST # 0, we 


have T ¢ r(S)Vi € Z. Thus fN r(S;j) - 0. Hence the theorem. 
iel 


Lemma 2.10. Let R be a coloring which is right sub-commutative. If nil-radical of R is torsion- 
free then it is finite. 


Proof. Since (R) < œ, R has no infinite clique. Suppose nil-radical J is not finite. Then JR 
is not a finite sub-module [as J is forsion free subset of R]. Now if every element of JR is 
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right-finite, then JR contains an infinite cligue [Lemma 2.5]. Hence J contains an infinite clique, 
since JR c J. If the sub-module JR contains an element which is not right-finite, then JR contans 
an infinite cligue [Lemma 2.7] implying the existence of an infinite clique in J too, a 
contradiction giving thereby the nil-radical J of R is finite. 


3. MAIN RESULTS 


Theorem 3.1. Let R be torsion-free and right as well as prime sub-commutative. Then R has 
the a.c.c. on right annibilators of subsets of R if ¥(R) < c. 


Proof. Consider an ascending chain of right annihilators of subsets of S say r(S,) c r(S,) c... 
Now the nil-radical J or R is finite [lemma 2.10]. Let 5, z J for i = 1, 2, ... Now J isa 
finite intersection of prime ideals [lemma 2.9]. Let J = P,rP,n....^P, where P's are prime 
ideals of R. Then for any subset S c R we get J: $ = (P, : S) XP, : S)n...n(P,, : S). We 
claim that the family {J : SIS c R} is finite. Now for S c R either $5 c Jor S g J. I£ 5 
SCJJ: SER. 


[forr e R, $25 SSS S REFS RST S). Esg J then J : S is nothing 
but one of the elements of the family (P, : S, P,: 5, ., Pa : S, (P4. : O ^ (P4:5), ... (PS) 
OVP, 18), (P4: 50) (OS). 0(P,:)). Thus the family (J : SS c R) is a finite family. 
Consequently there exists a subsequence {T} of (Sj) for which J: T, = J: T, = ... Consider 
r(T)) c r(T)) c r(T)c ... and J: T, = J: T, = .. This implies that r(T,)cr(T,)cr(75)c.... 


Jf 
cJ: =J: n=. e r(T) > Tx =0 = x € J: T] contradicting the fact that T" 
is finite [lemma 2.4]. 


Theorem 3.2. Let R be a coloring as in the theorem 3.1 and S, a non zero sub-module of 
the module Rp. Then S contains an /-freeing set. 


Proof. R be a right sub commutative torsion-free ring which is a coloring. Therefore R has 
the a.c.c. on right annihilators of subsets of R. Now S is a non zero sub module of the module 
Rp. We consider the ascending chain of annihilators of sub-module S such as r(S,) c r(S) 
c...which is stationary. Let r(T) be the maximal element. Thus 7(7) is a prime ideal. We claim 
T is a prime sub-module of S. Let T, be any sub-module of T. Then r(T) c r(T,) which gives 
r(T) = r(T)) [r(T) is maximal]. Thus T is a prime sub-module of S. Hence T is an l-freeing 
set [Proposition 2.2]. ` 


Now we give some insight to a restricted case: 


Let N be an ideal of the ring R. Consider the set {S + 0)c MS, a right ideal of R}. Then 
we write Jy = Omax r($)). 
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Theorem 3.3. Let N be an ideal of right sub commutative ring R which is a coloring such that 
N is not contained in the Jy of R. Then N contains an /-N-freeing set if R is torsion-free. 


Proof. Here N is an ideal of R such that N is not contained in the Jy of R. ie. V z Jy = 
max r(S,). Therefore there exists a S, a right ideal of R such that N ¢ r(S,). We claim S, 
is an /-N-freeing set. Let x( 0) € S, we have N ¢ r(x) [since r(S,) = r(x)] which gives xN 
+ 0. Let a, b € S, such that ab = 0. Therefore S,ab = 0 gives b e r(S,a) = r(S,) = r(x). 
Thus xb = 0. Hence x is an /-N-freeing element. Thus every non zero element of 5, is /-N- 
freeing. Hence S, is an /|-N-freeing set. 


Theorem 3.4. Let J = xR be a non zero ideal in a right sub commutative coloring R whcih 
is reduced. If ? » 0, then J contains an /-I-freeing set. 


Proof. Let J = xR be an ideal in right sub commutative coloring R which is reduced. Here 
x? 0. Consider the family & = {S.x(# 0)|S,a right ideal of R}. G + ọ as Rx? e G. As R 
has the a.c.c. on right annihilators of subsets of R, let r(7x?) be a maximal ideal for some 
right ideal T of R. Now we claim Tx is /-I-freeing set. Let a, b € I be such that a = xr and 
b = xs for some z s € R. Now ab = 0 gives xrxs = 0. Therefore Tx?rs = 0 [ for some r’ 
€ R]. Thus s e r(Tx?r) = r(Tx?) gives Tx?s = 0 i.e. (TxXxs) = 0. Thus 7x.b = 0. Again 7x? 
+ 0. Therefore (Tx) + 0. Thus Tx an /-J-freeing set. 
Theorem 3.5. Let J be an ideal in a right sub commutative ring R and S (right ideal of R) 
C I is I-H-freeing. Put 7 = r(S) 
1) If S* = 0, then clique (T) = clique(J). 
2) If S? = 0, then y(r) = x). 
Proof. 
1) Assume that S? = 0. Then S c x(S) gives that S c r(S) = I’. Let clique (I) = n and 
choose a maximal directed-clique C = {Y}, y, .., y,) in I. Let x e S then x? = 0. If x € C, 
say x = y, for some j, 1 < j < n then {y}, Yz- Y- Ys n y,} is a directed-clique in T. 
Since xy, = 0, V2 < i < nas S is l-freeing we have y, € r(x) = r(S). Therefore y, e r(S) 
= I. Again x? = 0. Thus x?y, = 0 which gives xy, € r(x) = r(S). Hence Sxy, = 0. Thus y; € 
r(Sx) = r(S) which gives y, € Z. Thus clique (l) = n. Thus clique (I) = clique (J). 

If x € C then xC + 0, since C is maximal directed-clique in I. For otherwise (x, y}, 
Y» «5 Y,} Will be a directed-clique of I. Now xC + 0. Let xy, # 0 for some j. Consider the 
set C' = (x, yy, ey Yop yes): Then C' is a directed-clique in T. Thus clique (T) = clique(J). 


2) Assume S? = 0 and consider y(J’) = x(1). Color first the elements of 7. If y e I\F 
assign to y the same color as to x. This shows that x’) = x(J). [As in case of Beck [1]]. 
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Theorem 3.6. Let J be an ideal in a right sub commutative ring R and S (right ideal of R) 
C I is I-Lfreeing. Put 7 = r(S)M 


1) If S* # 0, then clique (T) = clique (J) — 1. 

2) If S+ 0, then y(1’) = x(1) - 1. 

Proof. 

1  S?20 gives S z 7 (since S £ r(S)]. Let x e S such that x € J’ i.e. x is an /-freeing 


element such that x ¢ J’. Then clique(T) < clique(I) — 1, since to any directed-clique in T, 
we may adjoin x and create a larger directed-clique in I. 


Now suppose clique(I’) < clique(I) — 1. Let clique(I) = n and C = {y}, yo, ..., y,) be a maximal 
directed-clique in I. Now yy, = 0 for i <j. Since x is l-freeing therefore, xy, = 0, V2 <i 
S n which gives (x, y;,...,y,) is an another maximal directed-clique in I. Now y, € r(x) = r(S), 
V2 <ic<n. 


Hence y, € I’. Thus {yp,...,y,,} is a maximal directed-clique in I’. Thus we get a maximal directed- 
clique of F having n — 1 numbers of elements. Thus c/ique(I) = clique(1) — 1. 


2) Assume S? + 0. Let x € S such that x ¢ J’. Now color first the elements of 7". Clearly 
x € IV and we need one color more than x(/’) = n colors to color x because for any maximal 
directed-clique (y,, y, ..,y,) Of F. Here xy, = 0 for any i, 1 S i S n since y, € r(S) = r(x). 
Thus x is adjacent to y, for any i. Thus y(/’) + 1 < xQ). Assume x(J) — 1. Color first the 
elements of 7. Then we need (J) = n colors to color Z. Let (y; y,,....,y,] is a maximal directed- 
clique of I. Then {yy,...,y,} is a maximal directed-clique of J’, a contradiction. Thus y(/’) = 
n — 1. Hence x’) = xQ) - 1. 
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ABSTRACT : In this paper we define ideals of a I-ring M generated by a fuzzy subset together with 
an element of the I-ring M and an element of I and study their properties. Also the notions of units, 
associates, prime element, irreducible element are generalized with respect to a fuzzy subset. 
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1. PRELIMINARIES 


The notion of fuzzy ideal in L'-ring was introduced by Y.B. Jun and C.Y.Lee [6]. In this paper 
we introduce the notion of fuzzy translational subset of a I'-ring M and generalize some notions 
of a ring to a I-ring. 


2. SOME BASIC DEFINITIONS AND EXAMPLES 


Definition 2.1. [1] Let M and T be two additive abelian groups. M is called a T-ring if there 
exists a mapping f: M x T x M — M, fla, a, b) is denoted by aab, a, b e M, a € T, satisfying 
the following conditions for all a, b, c € M and for all a, B, y € T; (a + b)ac = aac + 
bac, a(a + B)b = aab + afb, aa(b + c) = aab + aac, and aa(bBc) = (aab)pc. 


Definition 2.2. [1] A subset 4 of a I-ring M is called a left (resp. right) ideal of M if A is 
an additive subgroup of M and maa e A (resp. aam e A) for all m e Ma eT,a e A. 
If A is a left and a right ideal of M then A is called a two sided ideal of M or simply an 
ideal of M. 


Definition 2.3. A I-ring M is said to be commutative if ayb = bya for all, a, be M, y € 
r. 


Definition 2.4. [2] Let M be a T ring and F be the free abelian group generated by I x M. 
Then A = (X,nj(Y;,xj) € F:a e M > X, njay;x; = 0} is a subgroup of F. Let R = F/A be the 
i i 


factor group of F by A. Let us denote the coset (y, x) + 4 by [y, x]. It can be verified that 
fa, x] + [B, x] = [a + B, x] and [a, x] + [a, y] = [o, x + y], for all a, B'e P and x, y 
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e M. We define a multiplication in R by Y [oj x;D-[Bj, »;] = Xo), xiB;y;]. Then R forms 
i j ij 
a ring. This ring R is called the right operator ring of the I' ring M. Similarly we can construct 


left operator ring L of M, where L = (X [x;,o;]|x, € M,a; €T) and the multiplication on Z 
i 
is defined by bob. p; = XE[xo;y;.p;l. For the subsets N c M, $ c T, we denote 
i j Lj 
by [®, N] the set of all finite sums Z[y, x] in R where y, € © and x, € N and we denote 


by [(®, N)] the set of all elements [ó6, x] in A, where $ € ® and x e N. Thus in particular, 
R = [T, M] and L = [M, IY]. If there exists an element 5 [8;,e,] € R such that 22x0je; = x 
i i 


for every element x of M then it is called the right unity of M. It ca be verified that 218,,¢/] 
i n 


is the unity of R. Similarly we can define the left unity 2:[fj.Y j] which is the unity of the 
Í 


left operator ring L. 


Definition 2.5. [6] A nonempty fuzzy subset p (i.e., p(x) + 0 for some x € M) of a T ring 
M is called a fuzzy left (resp.right) ideal of M if i) wx — y) = min(u(x), u(y)), ii) xay) 
= n(yYXresp.u(xay) 2 u(x)) for x, y e M and for alla e T. 

A non-empty fuzzy subset p of a I-ring M is called a fuzzy ideal of M if it is a fuzzy left 
ideal and a fuzzy right ideal of M. 


Definition 2.6.[3] Let u, o be two fuzzy subsets of M. Then the sum u € o and composition 
[igo of p. and c are defined as follows: 


(u ® ox) = sup [min[uG2), c(v)]] for u v e M 
Xu ry 
= 0 otherwise. 
n 
(Hoo Xx) = sup[min[min[u(u), o(v)]l 1 «i7, x ^ Xuy;vw,uv; e M and y, € y 
i=] 
= 0 otherwise. 


Definition 2.7. [7] Let p, c be two fuzzy subsets of M. Then the product plo of u and c 
is defined by ` 
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(nl'oXx) sup [min[u(u), o(v)], for u yv e Mandy €T 


xcv 
=  ( otherwise. 


We denote the set of all fuzzy ideals of M and the set of all fuzzy ideals of R by FI(M) and 
FI(R) respectively. 


Definition 2.8. [6] A function f : M — N, where M, N are I-rings is said to be a T- 
homomorphism if fa + b) = a) + f(b), Raab) =. fa)af(b), for all a, be M, a er. 


Definition 2.9. [3] A commutative I-ring M is called a I-field if for every nonzero element 
a of M and for every nonzero elements y,, y, € I, there exists a nonzero element a of M 
such that ay,a’y,b = b for all b e M. 


3. FUZZY TRANSLATIONAL SUBSET OF A I-RING 
Throughout this paper M is a I-ring with unity. 


Definition 3.1. Let p be a fuzzy subset of M. u is called fuzzy left translational invariant 
with respet to internal addition if u(x) = p(y) implies u(m + x) = u(m + y), for all x, y, m 
€ M. Again p is called fuzzy left translational invariant with respect to external multiplication 
if (x) = p(y) implies p(myx) = u(nryy), for all x, y m € M and for all y e T. 


Example 3.2 Consider the [-ring M, where M = Z, the ring of integers and I = 2Z, the ring 
of even integers and xyy denotes the usual product of the integers x, y, y. Let u be a fuzzy 
subset of M defined by p(x) = 1, if x is an even integer and u(x) = .5, if x is an odd integer. 
It is very easy to check that if u(x,) = p(x;), where x,, x; € M then p(x, + y) = nx, + y), 
u(x,yy) = yy), for any y e M and for any y € T. So p is a translational invariant fuzzy 
subset of M with respect to internal addition and external multiplication defined on M. 


Example 3.3. Consider the I-ring M, where M = {[a,] : aE Z,, i= 1, j= 1, 2}, the set 
of | x 2 matrices whose entries are from Z, and T = {[4,] a, & Z i-1,2,j = 1), the 
set of 2x1 matrices whose entries are from Z,. Let u be a fuzzy subset of M defined by u([a,]) 
= .7, if ay, = 0 = ay ora; = 1, ap = 0 and u([a,]) = 3, if a, = 0, ay. = 1 or a, = 1 
= Gy. It is very easy to check that if u(xj) = u(x5), where x,, x; € M then w(x, + y) = w(x, 
+ y) uu vy) = pyy), for any y e M and for any y € T. So p is a translational invariant 
fuzzy subset of M with respect to internal addition and external multiplication defined on M. 


Definition 3.4. Let p be a fuzzy subset of M. p is called fuzzy right translational invariant 
with respect to internal addition if p(x) = u(y) implies u(x + m) = ply + m), for all x, y m 
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€ M. Again p is called fuzzy right translational invariant with respect to external multiplication 
if u(x) = u(y) implies p(xym) = u(yym), for all x, y, m € M and for all yer. 


Definition 3.5. Let u be a fuzzy subset of M. p is called fuzzy translational invariant with 
respect to internal addition if u is both fuzzy left and fuzzy right translational invariant with 
respect to internal addition. Again p is called fuzzy translational invariant with respect to 
external multiplication p is both fuzzy left and fuzzy right translational invariant with respect 
external multiplication. 


Remark 3.6. A fuzzy left translational invariant with respect to internal addition in a T-ring 
is also a fuzzy right translational invariant with respect to intrnal addition and vice versa. 


If u is commutative, that is u(xyy) = pyx), for all x, y e M, y e Y then p is fuzzy 
left translational invariant with respect to external multiplication if and only if p is fuzzy right 
translational invariant with respect to external multiplication. 


4. IDEALS OF A I-RING GENERATED BY ELEMENT AND FUZZY SUBSET 


Throught this section p is a fuzzy subset of a T-ring M satisfying p(x) = nC) for all x € 
M. 


Proposition 4.1. Let u be a fuzzy left translational invariant with respect to both internal 
addition and external multiplication defined on M. Then for any m € M and for any y e T 
the set 


L(m, y, y) = (x : x e M and u(x) = u(yym), for some y e M} 
is a left ideal of M. 


Proof. Clearly L(m, y, p) is non-empty, since 0,, € L(m, y, p) as u(0,,) = u(0,ym). Let x,, 


x, € L(m, y, p). Then p(x,) = nym) for some y, e M and p(x.) = pym) for some y, 
e M. 


Now u(x) = pym) implies that px, — x) = u(vym — x) = UG — y,ym). Again 
u(x) = pym) = p(x — yym) implies that u(x; — x,) = nO ym — xi) = HG, — yym). Thus 
we have p(x; — yay) = p(x, — y,ym) which implies that w(x, — x5) = pym — y,ym) = WO, 
— ym). So x — x, € L(m, y, p). 

Also for any y, € Mand y, € T, O3 yix) = ny Gym) = KY yi ymn), which implies 
that y,yix, € L(m, y, p), for any y, € M and for any y, € I’. Hence L(m, y, ui) is a left ideal 
of M. 


Similarly we can prove the following Proposition. 
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Proposition 4.2. Let u be a fuzzy right translational invariant with respect to both internal 

addition and external multiplication defined on M. Then for any m e M, y e T the set 
R(m, y, uU) = (x : x e M and p(x) = pny), for some y e M 

is a right ideal of M. 


Remark 4.3. If M is a commutative I'-ring then L(m, y, u) = R(m, y, u) for all m € M and 
for all y e T. 


Remark 4.4. We observe that for any m € M and y eT, the ideal Mym = (xym : x e Mj 
of M is contained in the left ideal L(m, y, p). Also for any m € M and y eT, the ideal nryM 
= {myx : x © M} of M is contained in the right ideal R(m, y, p). 

Definition 4.5. L(m, y, p) is called the left -principal ideal of M generated by m, y and p. 


Definition 4.6. If L(m, y, p) = R(m, y, u) for m e M and y e T and p e FS(M), the set 
of all fuzzy subsets of M then the ideal is denoted by Km, y, p) and is called the u-principal 
ideal of M generated by m, y and p. 
Definition 4.7. A I-ring M is caled a j-principal ideal T-ring if u is commutative and every 
ideal of M is a -principal ideal generated by some m € M, y e F and p e FS(M). 
Definition 4.8. An element a e M with (a) + 1(0,,) is called a punit of M, where y € 
T if there exists an element a’ € M such that u(a') + u(0,)) and n(aya^ym) = p(m) = w(a'yaym) 
for all m e M. 

From the definition it follows that y # Of. 

In a I-field every element a(# 0,,) is a punit for all y(# 0r) e T. 
Proposition 4.9. If a isa punit of M, then L(a, y, p) = R(a, y, p) = M, for y er. 
Proof. As a is a punit of M, there exists an element a’ e M such that (a) # (0,,) and 
u(aya ym) = u(m) = u(a'yaym) for all m € M. Let x € M. Then u(x) = u(aya"yx), which implies 
that x e R(a, y, p), since a'yx € M. Therefore M c R(a, y, p). Similarly M c L(a, y, qu). 
Hence L(a, y, p) = R(a, y, p) = M, for y e Tyy = Or. 
Proposition 4.10. Let i be a fuzzy translational invariant with respect to external multiplication 
defined on M and a, b € M. Then a e L(b, y, u) for some y € T implies L(a, y, u) c L(b, 
y, 1) and a € R(b, y, p) for some y € T implies that R(a, y, p) c R(b, y, m). 
Proof. Let a € L(b, y, u), then (a) = n(xyb), for some x e M. Let m e L(a, y, u). Then 
pGn) = u(yya), for some y e M. Now u(a) = p(xyb) implies that n(vya) = u(yyxyb). Thus 
um) = u(yyxyb), which implies that m € L(d, y, p). Hence L(a, y, p) c LCb, y, 1). 

Similarly we can prove R(a, y, p) c R(b, y, p). 


92 TANUSREE CHANDA 


Remark 4.11. We observe that L(0,,, y, 4) = (m € M : (m) = u(0,)) = Ho for any y € T. 


Proposition 4.12. Let u be a fuzzy translational invariant with respect to external multiplication 
defined on M and a, b € M. Then p(a) = u(5b) implies that L(a, y, u) = L(b, y, p) and Ra, 
y, u) = RO, vy, u), for and y e T. 

Proof. Let (a) = u(b). Suppose m € L(a, y, p). Then u(zi) = n(xya), for some x e M. Now 


pa) = u(5b) implies n(xya) ^ u(xyb). Hence u(m) = u(xyb), so m € L(b, y, p). Thus L(a, y, 
u) c L(b, y, p). Similarly we can show that Z(b, y, p) c L(a, y, u). Consequently, L(a, y, 


H) = LCb, Y, y). 
Similarly, we can prove R(a, y, p) = R(b, v, p). 


In the next two sections M is assumed to be a commutative [-ring with right and left 
unities and p be a fuzzy translational invariant with respect to both internal addition and external 
multiplication defined on M satisfying u(x) = (~x) for all x e M. Henceforth, the ideal generated 
by a € M, y € Y with respect to p is denoted by Ka, y, u) and it is assumed that a € Ka, 
y, p) for all y e T. 


5. p-DIVISORS OF ZERO, p-ASSOCIATES 
Definition 5.1. An element a € M with (a) + p(0,,) is said to be p,-divisors for zero for 
y € T, y # 0; if there exists some b e M with p(b) # p(0,/) such that (ayb) = p(0,,). 
Henceforth we shall assume that M contains no p -divisors of zero. 

Definition 5.2. Let a, b € M and (a) + u(0,,). We say that a divides b with respect to u 
and y € T or a is a p -divisors of b, written as (a/ b). > if either (a) = p(b) or there exists 
c € M such that (b) = (ayc). 

Theorem 5.3. Let a, b € M be such that (a) + u(b) and (a) + 1(0,,). Then (al b), if 
and only if Ib, y, u) c Ka, y, p), for y e Y. 


Proof. Suppose that (a / b), . Then (b) = p(cya) for some c € M, which implies that b e 
Y 


Ka, y, p) and therefore Kb, y, 1) c Ka, y, p). 
Conversely, let Kb, y, p) c Ka, y, p). As b € Kb, Y, u) c Ka, y, p) hence (b) = p(cya) 


for some c € M. Also (a) * p(0,). Hence (a/b), : 
1 
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Definition 5.4. Let a, b € M\ p, be such that (a) + (b). We say that a and b are p-associates 
with respect y e T if (a/ b), and (b/ a), : 
Y Y 


Proposition 5.5. Let a, b e M V pp. Then a, b are p-associates with respect to y € I if and 
only if u(a) = (byu), for some punit u c M. 


Proof. Let a, b be j-associates with respect to y. Then (a/b) and (b/ a), . So (b) = 
Y 


Hy 
(ayd) and (a) = u(byc) for some c, d e M. Hence, 

u(a) = w(byc) = playayc) 

=> ayx) = u(aydyeyx), for all x e M 

=> p(ayx — aydyeyx) = u(0,) 

=> pay — dyeyx)) = u(0,,) 

=> u(x — dycyx) = W0), since u(a) + (0) and M is without }1,-zero divisor 

=> w(x) = u(dycyx), for all x e M 

— c and d are p,-units 
Hence (a) = p(byc), where c is a punits in M: 

Conversely, suppose that u(a) = (byu), for some punits u in M. Now, u(a) = (byu) 
implies (b! a)y, . Since u isa uunit, there exists v € M V p, such that u(uyvyx) = u(x) for 
all x e M. Hence (a) = (byu) implies p(ayv) = p(byuyv) = (b). This shows that (a / b). ; 


Y 


Thus (a/b) p, and (6/ a), - Hence a, b are p,-associates. 
Y 


Corollary 5.6. Let a, b € M V pọ. If a, b are p,-associats then Ka, y, u) = Kb, y, p). 
Proof. Suppose a, b are py-associates. Then by Proposition 5.5, (a) = p(uyb) for some Hy 
unit u € M. Then a € Kb, y, p) and so Ka, y, p) c Kb, y, p). Since u is a p,-unit, there 
exists v € M\ ji such that pu(uyvyx) = p(x) for all x e M. Hence u(byuyv) = u(b). Thus (b) 
= p(ayv), so b € Ka, Y, p). Therefore Kb, y, 1) c Ka, y, p). Consequently, Kb, y, u) = Ka, 
y, H). 

Definition 5.7. Suppose a € M Y p and a is not a p-unit for y e T. Then a is said to be 
i, 'irreducible if (a) + (b), u(a) + u(c) and (a) = p(byc) implies either b or c is a Hy 
unit, where b, c e M. 


Definition 5.8. Suppose a € M \ py and a is not a Hy -unit for y € T. Then a is said to be 
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H,-prime if (a) s u(b), u(a) # u(c) and (a! eye), implies either (a / b), or (a/ e), : 


Y Y 
where y; € T. 


Proposition 5.9. In the T-ring M with no Hy divisors of zero, any I-prime is p. irreducible. 
Proof. Let a be Hy-prime. Suppose u(a) + u(b), u(a) + u(c) and p(a) = u(byc), for y e Y, 
b, c € M. Hence we can say that (a! by), . Since a is p -prime, either (a / 5), or (a/ e), r 


Let (al b), . As u(a) + n(5b), u(b) = u(ayd), for some d e M. Now 
Y 


u(a) = u(byc) = u(aydyc) 

=> p(ayx) = w(aydycyx), for x e M 

=> g(ayx — aydycyx) = u(0,) 

=> Haye — dyeyx)) = (Oy) : 

=> p(x — dycyx) = 2(0,,), since p(a) + u(0,) and M is without Hy-zero divisor 
=> w(x) = u(dyeyx) for all x 

=> c is a punits 


Similar if (a/c then we can show that b a w-unit. Hence a is u.-irreducible. 
by Hy Hy 


Theorem 5.10. Let a € M \ pọ and a is not a p,-unit. Then the element a is Hy-irreducible 
if and only if the ideal J(a, y, u) is maximal among all ideals J(b, y, u), where b € M and 
p(a)  u(5). | 

Proof. (1) Suppose a is p,-irreducible. Let Ka, y, u) c Kb, Y, H) * M, for some b € M with 
(b) # u(a). Now a € Ka, y, p) c Kb, y, p) and so (a) = u(cyb), for some c e M Vy. 
Now if (a) = u(c) then (c) = (eyb), which implies u(cyx) ^ u(cybyx), for all x e M. Now 
M is without 1. divisor of zero and p(c) + (0y), so p(x) = u(byx) for all x e M. Hence 
Kb, y, u) = M, which is not the case. Hence p(a) + (e). As a is py-irreducible so either b 
is a punit orcisa py-unit, Since Kb, y, p) # M so by Proposition 4.9, we find that b is 
not a H-unit. Hence c is a p -unit. So there exists u € M \ p, such that w(cyuyx) = u(uyeyx) 
= p(x), for all x e M. Thus u(5) = u(cyuyb). Again u(a) = (byc) implies u(ayu) = p(b). Hence 
b € Ka, y, p) and so Kb, y, p) c Ka, y, p). Consequently, Kb, y, u) = Ka, y, u). Thus Ka, 
Y, H) is maximal. 
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Conversely, assume /(a, y, p) is maximal. Assume that (a) = p(cyd), where c, d e M 
and n(a) + c, u(a) + wd). Then a € Kd, y, p) and so Ka, y, p) c Kd, y, p). Hence by our 
hypothesis either (a, y, p) = Kd, y, p) or Kd, y, u) = M. If Ka, y, p) = Kd, y, u), then d 
€ Id, y, u) = Ka, y, p). Therefore u(d) = u(mrya), for some m e M. This gives u(cyd) = 
u(eyrrya). Thus we have (a) = p(eymya) and so u(ay(x — cymyx)) = u(0,), for all x e M. 
As M is without L,-divisor of zero and (a) # 1(0,,), we have u(x) = p(cymyx), for all x € 
M. This shows that c is a punit. If Kd, y, 4) = M, then u(d) = (dym), for some m e M. 
Again u(m) = u(dyy), for some y e M. Therefore u(d) = u(dym) = u(dydyy). Hence u(dyx) 
= p(dydyyyx). Thus p(x) = u(dyyyx). This shows that d is a pyunit. 


Theorem 5.11. Let a € M \ p and a is not a punit. Then a is L,-prime if and only 
if for x, y e M, y, € T, xyyy € Ka, y, p) implies either x € Ja, y, p) or y € Ka, y, p), 
where (a) + p(x), u(a) * uO). 

Proof. Let a be -prime and x, y € M, y, € T, xy € Ka, y, p), where p(a) + u(x), 


(a) + p). Then p(xy,y) = p(aym), for some m € M. Now this implies that (a / ny), : 
Y 


As a is -prime so either (a / x), or (a/ c . If (a / X), , there exists x, € M such that 


u(x) = p(ayx,), which implies x € Ka, y, p). Similarly if (al Y), then there exists y, € M 
Y 


such that u(y) = p(ayy,), which implies y € Ka, y, p) 


Conversely, let for x, y € M, y, € T, xyyy € Ka, y, p) implies either x € Ka, y, p) 
or y € Ka, y, p), where u(a) + u(x), u(a) + u(y). We have to prove a is Hy-prime. Let 


(a! ny), > where x, y € M, y, € T, p(a) # p(x), u(a) # WO). Then u(xy;y) = p(aym), for 

some m € M. Thus xy,y € Ka, y, u). Now from given condition either x € Ka, y, p) or y 

p Ka, y, p). If x € Ka, Y, p), then p(x) = w(aym,), for some m, € M. Thus (a / x), . Similarly 
Y 


if y e Ka, y, p), then p(y) = p(aym,), for some m, € M. Thus (a/ P), . This proves that 
Y 
a is "prime. 
6. IMAGES AND INVERSE IMAGES UNDER I-RING HOMOMORPHISMS 


Definition 6.1. Let f be a mapping from a I-ring M into a I-ring M and let p be a 
fuzzy subset of M. Then p is called finvariant if f(x) = f(y) implies u(x) = (y), where x, 
y e M. i 
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Proposition 6.2. Let f be a homomorphism of a I-ring M into a I-ring M'. Let o be a 
translational invariant fuzzy sbset of M'. Then f!(c) is a translational invariant fuzzy subset 
of M. 


Proof. Let a, b e M and f!(o)(a) = f!(c)(b). Then c(f(a)) = o(f(b)) Let m € M and Am) 
= m € M. Since o is translational invariant fuzzy subset of M and o(f(a)) = o(f(b)), we 
have o(f(a) + m^) = o(f(b) + m) and o(f(ayym) = o(f(byym'), o(mrf(a)) = o(m'yfib)). Now 
o(f(a) + m) = o(f(b) + m') implies o(f(a) + Am)) = o(f(b) + fim)) and so o(a + m)) = o(fb 
+ m)). Hence f (cXa + m) = f (cXb + m). On the other hand, from o(f(ayym') = o(f(byym') 
and o(m"yf(a)) = o(m'yf(b)), we get o(Aa)yAm)) = o((byyftüm)) and o(ün)yyfa)) = Amy Ab). 
So o(ftaym)) = o(f(bym) and o(f(aym)) = o(fbym)). Thus we have f !(oYaym) = f (oY(bym) 
and f"! (o)(mya) = f (oYmyb), for all a, b € M, y € T. This proves that f^! (c) is translational 
fuzzy subset of M. 


Proposition 6.3. Let f be a homomorphism of a I-ring M onto a I-ring M. Let u be a 
translational invariant fuzzy subset of M. Then if p is f invariant, then Ap) is a translational 
invariant fuzzy subset of M. 


Proof. Suppose u is f-invariant. Then for all x, y € M, f(x) = Ay) implies that u(x) = nO). 
As f is onto, for a e M, fua) = sup(u(m) : m e M, f(m) = a). Let x, y e M and f(x) 
= a = fly). Then f(x) = Ay) and so u(x) = u(y). Hence Aua) = u(x), where x € M and f(x) 
= a. Thus for all a € M, f(u(a) = w(x), where x e M and f(x) = a. Now let a, b € M and 
fuXa) ^ KuXb). Then p(x) = u(y), where x, y e M such that f(x) = a, fy) = b. Let c € 
M be such that fz) = c for c € M. Then a + c = f(x) + f(z) = fx + z) and b + c = fy) 
+ f(z) = Ry + z). Hence f(j)(a*c) = u(x+z) and AuXb+c) = n(y*z). Again for y e T, cya 
= Kz)yRx) = Azyx), bye = Ryyrfz) = Ayyz) and cyb = Reif) = Rzyy). Hence RuXayc) = uz), 
Kp cya) = u(zyx), KuXbyc) = u(yyz) and f(uXKcyb) = u(zyy). Since p is translational invariant, 
w(x + z) = wy + 2), nz)  u(yyz) and uz) = uy). Hence fuYa + c) = Rub + o), 
Ku)aye) = füxXbye) and f(uXeya) = A\u)(cyb). Thus if a, b € M', y € T and f(ua) = fub), 
then f(uy(a + c) = Rub + c), RuXayc) = RuXbyc) and Ay)(cya) = fii(eyb) for all c e M. 
Hence Kyu) is a translational invariant fuzzy subset of M. 


Theorem 6.4. Let f be a homomorphism of a I'-ring M onto a I'-ring M and p be a translational 
invariant fuzzy subset of M. If p is f-invariant then AKa, 7, p) = Ra), y, f(u)), for a e M, 
yer. 


Proof. Supose p is f-invairant. Let y € Ifa), y, f(1)). Then f(u)y) = f(usyf(a)) for some 
s € M. Since y s e M and f is onto, there exists x, r € M such that f(x) = y and Ar) 
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= s. Thus AWA) = Kw \AryKa)) = Aw Arya). Since p is translational invariant, by Proposition 
5.2 we get AuXAx)) = w(x) and AuX Arya) = u(rya). Thus p(x) = p(rya), which implies x € 
Ka, y, p) and so fx) € fü(a, y, p)) that is y € RKa, y, p)). Hence MRa), y, Au)) c fü(a, 
Y, u). Again let y e f(a, y, u)). Then there exists x € Ka, y, p) such that f(x) = y. Also, 
x € Ka, y, p) implies u(x) = u(ayr) for some r e M. Now, 


AWO) = sup{p(x) : x e FOX 
= u(x), since p is f-invariant 
= (ayr). 


_ Also if f(r) = s we have f(u)(ftayys) = KuXAayyAr)) = Av)Aayr) = sup{w(’), such that x’ € 

f'(RKayr))} = u(ayr), since p is f-invariant. Thus AWO) = Au)(Aays)A) which implies that y 
e Ra), y, Ky). Hence f(a, y, y) & Ka), y, Kp), a € M, y eT. Consequently, fa, Y, 
p) = Ifa), y. fu), frae M y e T. 


Proposition 6.5. Let f be a homomorphism of a I-ring M onto a I-ring M. Let o be a 
translational invariant fuzzy subset of M. Let a’ € M'. Then for all a, b € f'(a’), Ka, y, 
f (o) = Kb, y, f! 2 (o)), provided f(a’) contains more than one element. 


Proof. Let x € Ka, y, f!(c)). Then f! (c)x) = f(c)(rya), for some r € M and so f!(o)(x) 
= o(f(rya)). Thus f^! (o)(x) = o(f(r)yf(a)) Since a, b € f(a’), fa) = Rb) = a’ and hence we 
have f! (oXx) = o(f(ryfb)) = o(f(ryb)) = f (o)(ryb). This shows that x € Kb, y, f"! (o)). Hence 
Ka, y, f£. (o)) & Kb, y, f ()). Now let y € Kb, y, f. ()). Then f! (o)(y) = f (o)r^rb), for 
some 7" € M and so f (oXy) = o(f(r'yb)). Thus f (oy) = o(f(byyfr). Since a, b e f (a^), 
fla) = f(b) = a’ and hence we have f!(oXy) = o(f(ayyfr)) = o(ftayr)) = f (oXayr). This 
shows that y e Ka, y, f! (c)). Hence Kb, y, f*(o)) c Ka, y, f (c)). This proves that Ka, y, 
fio) = Kb y, f'(o)), for all a, b € f(a). 
Theorem/6.6. Let f be an isomomorphism of a I-ring M onto a I-ring M. Let o be a 
translational invariant fuzzy subset of M'. Then IFO), y, f-(o) = f (Ky, y, o), for all y € 
M, ye T. 
Progi. Let x e Kf (y), y, F10). Then, 

fo)yx = FoX lOr), for some'r e M 


= f(oXf(yyf (s), where s e M such that Ar) = s 
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=> o(ftx)) = f (o) (yys), since f is bijective 
= o(f (ys) 
- o(yys) 
=> fx) e Iv, Y, 0) 
— x e fl, Y, o)). 
Hence A!O), y, FO c f (y, y, o)) for all y e M. Again let a € f(O, y, 0)) then 
Ka) e IQ, y, o) implies o(f(a)) = o(yys), for some s e M'. Also y, s € M and fis onto implies 
that there exist x, r € R such that f(x) = y and fr) = s. Now o(f(a)) = c(yys) implies c(f(a)) 
= o(fx)yAr)) = o(fxyr)) implies that f! (oXa) = f-(oY(xyr) = f (oXf yr) which implies 
a € Kf (y), v, f (o)). Thus FUO, y, o) c Kf (y), y, f. (o)), for all y e M, y e T. This 
proves that IF 1), y, /!(o) = UO, y, o), for all y e M, y er. 
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ABSTRACT : The study of p-prime ideals in a semiring was initiated in [1]. The present paper 
investigates some more properties of p-prime ideals in connection with various notions in semiring related 
to its p-ideals. Here we invoke the notion of p-irreducible ideals in a semiring [8] and provide some 
necessary and sufficient conditions for a p-ideal of a semiring to be strongly p-irreducible. The p-regular 
semirings are characterised in terms of p-prime ideals and p-irreducible ideals of it. Further, the structure 
of periodically finitely generated p-radical of an ideal in a semiring is determined. Finally, the p-noetherian 
semirings are characterised in terms of their p-prime ideals. 
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1. INTORDUCTION AND PRELIMINARIES 


A semiring is a non-empty set R together with two binary operations, called “addition”, +, 
and "multiplication" (usually denoted by juxtaposition), such that R is multiplicatively a 
semigroup and additively a commutative semigroup and the multiplication is distributed accross 
the addition both from the left and from the right. A semiring is said to be commutative if 
it is multiplicatively commutative. A semiring R is said to have an identity, if there exists 1p 
€ R such that, 1px = x1, = x for each x € R. The zero element of R, denoted by 0p (provided 
exists in R), is called an absorbing zero if a0, = Oga = Op for all a e R. An ideal [3] J of 
a semiring R is called a k-ideal [5] of R if for any x y e Rx t ye I and x € I>ye 
I. The smallest k-ideal containing an ideal J of R, called the &-closure of J is given by 7 = 
(x e R:x ty 7» z for some y z e Ij. 

J. S. Golan [3] defined prime ideals in a semiring and discussed several results on prime 
ideals in semirings alongside the existing literature of ring theory. P. Mukhopadhyay and S. 
Ghosh [4] introduced the idea of p-ideals in semirings. We recall the following definitions 
and results from [4, 6] that will be useful in the sequel. Throughout this paper IN represents 
the set of natural numbers. 


Definition 1.1. An ideal J of a semiring R is called a p-ideal if for some x e R, n e N, 


a + nx = (n + Vx and a e J implies x e J. 


100 UTPAL DASGUPTA & P. MUKHOPADHYAY 


For a semiring R, the set of all periodic elements in R is defined as P*(R) = (a e S|na = 
(n+ l)a, for some n € N} [4]. Note that if R has an absorbing zero then, P*(R) c J, for 
all p-ideals 7. For any subsemiring S of a semiring R, it is defined in [5] that, 


= {x e R|a + nx ^ (n + 1x, for some n e N, a e S$}. 


Proposition 1.2. For any two ideals I, J of a semiring R, 1 is a p-ideal of R such that j =f; 
IciiifIcJ then Ic J; indeed, ] is the smallest p-ideal of R containing I. 
Definition 1.3. A semiring R is called p-regular [7] if for each a € R there exists b €e R such 
that 

aba + na = (n + 1)a for some n e N. 


Proposition 1.4. [4] A semiring R with 1 gh. is p-regular if and ey, if for every right p-ideal 
A and left p-ideal B, we have A ^ B= AB. 


2. DIVISORS OF P*(R) AND p-PRIME IDEALS 


In [1], U. Dasgupta and P. Mukhopadhyay initiated the investigation of that class of prime 
(semiprime) ideals in a semiring which are also p-ideals and developed the corresponding theory 
of p-prime (resp. p-semiprime) ideals. 


Definition 2.1. An ideal J of a semiring R is called a p-prime (p-semiprime) ideal if it is a 
p-ideal as well as a prime (resp. semiprime) ideal of R. 


Following results related to p-prime ideals in a semiring were among those proved in 
[1]. i 
Proposition 2.2. A proper ideal I of a semiring R is p-prime (p-semiprime) if and only if for 
any p-ideals H and K of R, HK c I (resp. Æ c I) implies H c I or K c I (resp. H c I). 


Proposition 2.3. For a proper p-ideal I of a semiring R, the following conditions are equivalent: 
(i) I is a p-prime ideal. 
(ii) F = RVI is a weak m-system. | 
A non-empty set S of a semiring R is called a weak-m-system [1], if for any a, b € 
$, aRb OS # $. Clearly any multiplicative set is a weak m-system. 


Proposition 2.4. If A is a weak m-system of a semiring R and if I is a p-ideal of R, which 
is maximal among all those p-ideals of R disjoint from A, then I is a p-prime ideal of R. 


As a consequence of the above proposition, one may have the following : 
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Proposition 2.5. 4 p-ideal, maximal among all the p-ideals of a semiring R, is a p-prime ideal. 


We now consider the notion of divisors of P*(R) for a semiring R, which virtually ushers 
in the idea of divisors of zero in semiring. The study on divisors of P*(R) is extensively made 
in [1], [4] and [6]. 

Definition 2.6. [4] Let R be a semiring. An element a € R \ P*(R) is called a left (resp. right) 


divisor of P*(R) in R if there exists b € R X P*(R) such that ab € P*(R) (resp. ba € P*(R)). 
An element a € R is called a divisor of P*(R) if it is both a left and a right divisor of P'(R). 


We only remark here that a commutative semiring R has no divisor of P*(R) if and only 
if P*(R) is a p-prime ideal of R. That the set of all divisors of P*(R) in a commutative semiring 
R can be covered by a class of p-prime ideals in R is established in the following proposition. 


Proposition 2.7. Let R be a non-trivial commutative semiring with 1, and absorbing zero. 
Then the set consisting of all periodic elements and all divisors of P*(R) is a union of some 
p-prime ideals of R. 


Proof. Let A be the set of all x € RVP*(R) such that, for any y € R, xy e P'(R) > y e P'(R). 
Then A ¥ $, since 1, € A. For any x}, x, € A and r € R, r(xyx;) € P'(R) > (rxj)x, € P'(R) 
=> rx, € P'(R) > r e P'(R) 2 xx € A. Thus 4 is a multiplicative set and hence a weak 
m-system. Clearly here the set A° consists precisely the periodic elements and the divisors of 


P*(R). Let a be any divisor of P*(R). Then aR isa p-ideal in which every element is either 


periodic or else a divisor of P*(R). In fact, for any x € aR \ Pt (R), there exists r e R such 
that ar + nx = (n + 1)x for some n € N. Since a is a divisor of P*(R), so there exists b 
€ RV P*(R) such that ab e P*(R). Then abr + nxb = (n + 1)xb which implies that xb € 


PR) = P*(R) (since ab e P*(R) — abr € P*(R)). Hence x is a divisor of P*(R). Thus aR 
€ A*. So, by Zorn’s lemma, we have a maximal p-ideal P, containing AR , which is disjoint 


from the weak m-system A. By proposition 2.4, P, is a p-ideal such that P, & 4°. Moreover 
a € P, and P'(R) c P, (since R has absorbing zero). Thus 4° = UP, 


3. p-IRREDUCIBLE AND p-PRIME IDEALS 


A p-ideal J of a semiring R is called an irreducible p-ideal (or interchangably p-irreducible 
ideal) [8] of R if I= HK I-HorI - K for any p-ideals H and K of R. The p-ideal 
I is called strongly p-irreducible if HA KcI-HclorK c I for any p-ideals H and 
K or R. This is clear from these definitions that every strongly p-irreducible ideal in a semiring 
is p-irreducible. M. Shabir and S. Hussain [8] characterized fully p-prime semirings (i.e., the 
semirings in which every p-ideal is a p-prime ideal) in terms of p-irreducible ideals. They have 
also proved [8] that every p-ideal of a semiring R is the intersection of all p-irreducible ideals 
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containing it. We now present two necessary and sufficient conditions for a p-ideal in a semiring 
to be a strongly p-irreducible ideal. Towards this, we first introduce the notion of weak i-system 
in a semiring. 
Definition 3.1. A non-empty subset S of a semiring R is called a weak i-system if for any 
abes @ANBAS#S. 
Proposition 3.2. The following conditions on a p-ideal I of a semiring R are equivalent: 

(1) J is strongly p-irreducible, 

Q) (à ^ (B & I> eithera e Iorb e Iforaa be R. 

(3) RV I is a weak i-system. 
Proof. (1) — (2) follows immediately from definitions. 

(2) > @): If a, b e R\ IL and (a) ^ (5j ^ (RV I) = 6, then (a) ^ (5) c I and 
so, by (2) a e J or b e I, which yields a contradiction. ; x 

(3) => (1): Let H and K be any two p-ideals of R such that H & I and K € J. Then 
there are a € H VI and b e K VI. Then by (3), (a) ^ (b) ^ (RID * 4. So there exists 


cE (a) A (b) c HA K such that c € J, whence HO K & I. Hence J is a p-irreducible 
ideal of R. 


That for a p-ideal 7, being semiprime and strongly p-irreducible is necessary and sufficient 
condition for J to be a prime ideal is established in [8]. Thus a p-prime ideal in a semiring 
is always a p-irreducible ideal. But a p-irreducible ideal in a semiring may not be a p-prime 
ideal. However, the last proposition of this section shows that these two notions of p-primeness 
and p-irreducibility of a p-ideal merge with each other in a commutative p-regular semiring 
with unity. Before going to that we would like to restate the following two propositions that 
were proved in [1]. 


Proposition 3.3. Intersection of any class of p-prime ideals of a semiring R is a p-semiprime 
ideal of R. 
Proposition 3.4. 4 commutative semiring R is p-regular if and only if every p-ideal is semiprime. 


Proposition 3.5. A commutative semiring R with 1, is p-regular if and only if every p-irreducible 
ideal of R is a p-prime ideal. i 


Proof. Suppose that the commutative semiring R with 1, is p-regular. Let 7 be a p-irreducible 
ideal of R. If possible, let R | J be not a weak m-system in R. Then, there exist a, b € R 


VI such that abR c I. 
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f , -x~ a 
We consider two p-ideals H = I+ (a) and K = I+ (b). Then for any x e H and y € 
K, there exist x, € J + (a) andy, € I + (5) such that for some n, m e N 
x, tmx = (n Dx .(1) and y, + my = (m + Dy ..Q) 


and also x, = a + a, ...(3) and y, = B + b, ...(4) for some a, B e J and a, € (a) and b, 
€ (b). Clearly then, for some p, q € N and z, t € R, 


az + pa, 7^ (p + l)a, .. (5) and bt + qb, = (q + 1)b, ... (6). 
Hence from (5) abz + pa,b = (p + 1)a,b 
=> abzt + pa,bt = (p + 1)a,bt 
=> abzt + pa,bt + pqa,b, = (p + 1)a,bt + pqajb, 
=> abzt + pa(bt + qb,) = pa,(bt + qb) + abt 
=> abzt + p(q + 1)a,b, = plq + l)a,b, + a,bt (from (6)) 
— abzt + plg + l)ab, =.p(q + 1)a,b, + ajbt 
=> abzt + p(q + 1)a,b, + qab, = plq + 1)a,b, + a,bt + qab, 
=> abzt + (pq + p)a,b, + gajb, = pg + 1)a,b, + a,(bt + qb,) 
=> abzt + (pg + q + q)ajb, = p(q + l)ajb, + (g + 1)ajb, 
=> abzt + (pa + p + q)ab, = (pq + p +q + lab, 
=> abzt + (pq + p + q)ab, + (pg +p +q + lab, + Ba, + ap) ^ (pq * p * q + lad, 
+ (pq + p +q + lab, + Ba, + of) 
=> abzt + ab, + Ba, + aB + (pg + p + qXa,b, + ab, + Ba, + ap) = (pg * p * q * 1Yajb, 
+ ab, + Ba, + ap) 
=> (abzt + ab, + Ba, + aß) + (pg + p + q)xyy, = (pa + p +q + xy, (by Q) and (4)). 
But here a, B, abzt € I (since abR € I); so, abzt + ab, + Ba, + ap e I. Hence, x,y, € 
Î =] (since J is a p-ideal). Then from (1), x,y, + nxy, = (n + 1)xy > xy, € i =I (since 
x,y, € J). Hence from (2), xy, + my = (m + l)y > xy € I = I (since xy, € I). Thus for 
any x, € H and y, € K, the finite sum Lxy, € I, i.e., HK c I. Clearly here J c HK. So, HK 
= [ and hence, H = I (since J is a p-ideal). Since R is a p-regular semiring with lp, so 


— * -AR 
by proposition 1.4, H © K = HK, whence H A K = I and hence either 7+ (a) = H — Lor 
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Ie = K = I (since J is a p-irreducible ideal of R), i.e., either a e J or b e I which is 
a contradiction. Hence, R \ J is a weak m-system in R. Thus by proposition 2.3, J is a p-prime 
ideal of R. 


Conversely assume that every p-irreducible ideal of R is p-prime. Let J be any p-ideal 
of R. Then 7 is the intersection of all p-irreducible ideals of R containing J. Thus here J is 
the intersection of a class of p-prime ideals of R. Hence by proposition 3.3, J is a p-semiprime 
ideal of R. Hence by proposition 3.4, R is a p-regular semiring. 


4. PERIODICALLY GENERATED IDEALS AND p-PRIME IDEALS 
A p-ideal J of a semiring R is said to be periodically generated by a non-empty subset 4 of 


Rifl- vi where (A) denotes the ideal of the semiring R generated by A. Thus in other 
words, the periodically generated ideal J generated by A € P*(R) is the smallest p-ideal of 
R containing 4. A p-ideal of R is said to be periodically finitely generated if it is periodically 
generated by a finite set. It is worth noticing here that the p-ideal P*(R) of all periodic elements 
of a semiring R with absorbing zero 0, is periodically finitely generated by {0p}. It is also 
clear that in a semiring, a p-ideal which is finitely generated as an ideal is a periodically finitely 
generated p-ideal. Following are some examples of periodically finitely generated p-ideals in 
a semiring which are not finitely generated as an ideal. 


Example 4.1. For two positive integers m > 1 and n > 1, we consider 
S(m, n) = (x:x eZj,x «mj u (m4 lm 2,...,m« n) where 


. J when x < m, 
m {nk  x:k e Zo) when x 2 m+1, 


Zg being the set of all non-negatie integers. Then S(m, n) is a semiring with respact to usual 


addition and multiplication of classes. Let C denote the interval [0, 1). Consider the set 
Nm, n) = S(m, n) x C, where we define the operations as follows: 


(a, i) ® (b,j) = (a * b, max(i,)) and 
(a, i) e (b, /) = (ab, minG, j)) for all (2,1), (b,j) € T(m.n) | 


Then it is routine to check that (TU, n), ®, e) is a semiring with absorbing zero 07. 


- (0,0). 
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(a) In the semiring R = 7(6, 3), the periodically finitely generated p-ideal P*(R) = { (x,i): 

x = 0, 3, 4, 9; i e C} of all periodic elements of the semiring R is not finitely generated. 
(b) In the semiring R = 7(6, 4), P*(R) = { (X,i) : x = 0, 4, 8; i € C). Then the periodically 
finitely generated p-ideal J = (4), where A = {(10, 0)} is such that J + P*(R) (since (10, 0) 
€ P*(R)). Also, I is a proper p-ideal of T. In fact, I = T > (1,1) e J => there exist p € Zo 
and q e N such that (10p,0)+9(1,1) = (t+)D0,) = lOpsql-(gq41] > 
10p+q=(q+)) => 4k + 10p+q= 41+ q+ 1 for some k,JeZ5 — 4a + 10p = 1, (a 


= k — I) which contradicts the fact that a, p are two integers, since gcd(4, 10) does not divide 
1. Clearly here the proper p-ideal J is not finitely generated as an ideal. 


Lemma 4.2. Let I be an ideal of a commutative semiring R such that the p-ideal J = I be 


periodically finitely generated. Then J = (0, Gy... 0) for some n e N and some a, €1 
(i 7 !, 2, ..., n). ~ 


Proof. Since J= 7 is periodically finitely generated in the commutative semiring R, so there 
exist rj, Fa .., r, € R for some m e N such that J = (r, CR r,). Then for each i(7 1, 2, 


m n) r, € [> a, + pr, = (p, + Dr, for some p, € N and a; e I. Again for any x € J 


n 
= (ny amie r,), there exists q € N such that in + qx = (q T Dx , where for each i, either 


y€Nory,e R. Let p = max{q, p; : i ^ 1, 2, . n). Then, 


n 
a, + pr, = (p + Ir, ... (1) and 2n *px-(p*l)x .. (2) 
n n n 
Now from (I), xa, + py, = (p + Dyr, o. Eri + pn -(p*)Xyn 
i= = b 
n n n 
c Lyin + PL yn + Pp + Dx = (p+ )e yn + p(p + I)x 
i= = i= 


n n n 
=> Zya + a iw * ps) + px=(p+ if zn + ps] 
I iz i= 
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n 2 n 2 ‘ 2 
=> D + p(p + l)x+ px - (p 1) x (from 2)) > inu «(p e 2p)x - (ps 1x 
(= = 


n 
> Eyo; «(p -1)x =(p+ r> x e (Qr G5 @,) > J c (0, 65 0) 


whence J = (01, Oy, ..., «s Oy) (Since (a, O, ..., a) c I). 

Proposition 4.3. Let R be a commulative semiring with 1, and absorbing zero and I be a 
p-ideal which also a k-ideal of R. If I is maximal among all p-ideals which are not periodically 
finitely generated then I is a p-prime ideal of R. 

Proof. Let ab € I, but a € I and b ¢ I. We consider the p-ideals I+ and IO . Now, 
I*(a) =R> 1, e I+@ >a + xa + nlg= (n+ l)i > ab + xab + nb = (n + 1)b 
for some a € I, x e Rand n e N >b e 1 = I which is a contradiction. So Ia is 
a proper p-ideal of R. Similarly 7+ I*(b) is a proper p-ideal of R. Moreover J is properly contained 
in both 7 T* (a) and JF (b) (since a ¢ I, b ¢ I and R has absorbing zero). Thus T* (à) (a) and 
O are periodically finitely generated p-ideal of R. Hence, by lemma 4.2, there exist œ, 
B, € J and x, y; € R, @ = 1, 2, ... n, 7 = 1, 2, .m for some n, m € N) such that Ia 
= (da, f xa: Iy) and T+ (5) = ((B,* yb : JD). Consider the p-ideal J= {r eR:rae I}. Observe 
that (B, + yb)a = Ba + yab e Is p, + yb € J for each j. Then x € It 
=> x p; + yjb)* i = (1 + Dx for some r, € R and / € N sxe J=J»> +® 

j=l 
c J. Note that J + R (since a € J). Thus we have that J 7 O c J & R and hence by 


the maximality of J, the p-ideal J= (reR:rael) of R is periodically finitely generated. 
But {r e R : ra € J} is an ideal of R (since the semiring R is commutative). Hence, by lemma 


42, there exist j, € {r e R: ra e Ij, (k= 1, 2, .., D) such that J = (5, : B). 


n 
Now let c € J be arbitrary. Then c e [+(a) > Xs +xja)+ pe = (p + l)e for 


n 


some s, € Rand p e N > Žao +| Zam a+ pe = (p + le .. (1) 
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^ 


n n n 
= [pes Esa Je Enn z(p*tlj- (Essi) el (since / is a k-ideal of R and 
j=] i=] 


i i=] 


n n — 
pe+ Ysa, el, (p * Dee I) > Esx €J = ((j, : kK)) = there exist t, € R, (k = 1, 2, 
i=] i=] 


l n n 
. I) and q € N such that Yt, jy +q Esx = (q+ Es. Assuming without any loss 
k=l i=] 


i=] 
of generality that p 2 q we have 


l n n 
Ètkjk + pls = (p+ if sm) (2) 


i= 


Now from (1), (P + (Ese) +(p+ (Ew) *p(p*le = (pfe 


=>(p+1 Esa Jef È tjj DE le = (p + 1)%e (from 2) 


i=l k=l i=l 


n 1 n n 

=> 2s «En + of $0 «(Essa ue): pe = (p + 1yc 
j= = f= i= 
n E 

> ise; + Zna» plp+l)c+ pe = (p + 1c (from (1)) 


n l 
, 2 
> Zso; + Ziela) + ((p + 1) - Ie -(p*1c-ce K, 
i= = 
where K = (a4, 05, ..., Oy» JG, 5a, ..., ja) is a finitely generated ideal of R. Thus J c È. 
Since j, € {r € R: rae Ij, (k ^ 1, 2, ..., I), we have that K c J, whence J = K, ie., I 
is a periodically finitely generated p-ideal of R which is a contradiction. Thus for any a, b 
e R,abe I= aelorbe I. So the p-ideal J is a p-prime ideal of R (since R is commutative). 
Definition 4.4. A semiring R is said to be p-noetherian if it satisfies the ascending chain 
conditions on p-ideals. 


This is clear from the definition that a noetherian semiring is always p-noetherian. 
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Following is an example of a p-noetherian semiring which is not noetherian. 


Example 4.5. For two positive integers m > 1 and n > 1, we consider the commutative semiring 
R = T(m, n) which is defined in exmple 4.1. Let J; c h c I, c... be an ascending chain of 
p-ideals in R. If possible let the chain considered be non-terminating. Then for each k e N, 


we an choose an element (%,,a,) € J, such that for k > 1, (%,0,) € I, ,. Now for each 
k and for any a € C = [0, 1) with a < a, we see that (x4,a) = (Lo) (xy, a4) € I . Again 
for any a > ap (kak) + (Fpa) = 2(%,,0) > (Fk) € f; = I, Thus for each k € 
N, (X40) € I, Va € C. Then, by the choice of the elements (x,,o.,) from Ip we can 
say that the set K = (xy:k e N} is infinite which is a contradiction, since K c; S(m, n) and 


Sm, n) is finite. Hence the chain considered is terminating and thus R = T(m, n) is a p-noetherian 
semiring. 


For a digit i, we now consider a mapping i: N > [0, 1) = C defined by i(k) = a (for 
any k e N), where æ has i in each of the first k decimal places and 0 everywhere else. Clearly, 
0(k) = 0 for any k € IN. We choose and fix a digit i + 0 and consider for each p e N, the 


subset R, — (0, i(k)) € R: k = 1,2,..., p} of R. Suppose for each p € N, A be the ideal of 


R generated by R,. Let (x,o) € J, for some p € N. Then (¥,a) = È (Be) (6). 
Clearly then X = 0. Moreover, a = max. {min. {Bp i(k))}; k = 1, 2, ..,p). Now for any k,, 
k € N with 1 < k,, k, € p, we see that i(k,) < i(k) if and only if k, < k,. So, min. (B,, i0} 
< i(k) < i(p) for all k = 1, 2,.., p. Thus a < i(p). Hence J c {(0,a) : a < i(p)). Again 
for any a € C with a < i(p), since (0,i(p)) € R, and (0,a) = (¥,a) e(0,i(p)) for any 
(x,a) e R so {(0,a):a<i(p)} € I, whence 7, = {(0,a):a<i(p)} for all p e N. Thus 
h s h = Io is a non-terminating ascending chain of ideals in R. So, R is not noetherian. 
Proposition 4.6. The following conditions on a semiring R with absorbing zero 0, are 
equivalent: : 

(1) R is p-noetherian; 

(2) Any non-empty collection of p-ideals of R has a maximal element; 

(3) Every p-ideal of R is periodically finitely generated. 
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Proof. (1) => (2) : Let c be a non-empty collection of p-deals of R. We choose J; € c. If 


I, & I for any J € c, other than J,, then I, is a maximal element of c. If not, then L E Ij 


& I for any J € o, other than I, then J; is a maximal element of c. If not, then 7, £h, 
for some I, e c. If I, € I for any I € o, other than L, then I, is a maximal element of 
c. If not, then J, v h & I4, for some I, € c. Since R is p-noetherian and every element of 


c is a p-ideal, so this process must end after a finite number of steps. Thus c has a maximal 
element. 


(2) = (3) : Let I be a p-ideal of R and c be the collection of all periodically finitely 
generated p-ideals of R contained in J. Since, R has absorbing zero 0p, so P*(R) is a periodically 
finitely generated p-ideal of R and also P*(R) c I. Thus P*(R) € o, i.e., c # >. So, by (2), 


c has a maximal element H. Let H = (aros An), for some a€ R, (i= 1, 2, .... my m e N). 


For each b € J, let us consider the periodically finitely generated p-ideal H, = (a, -n dy b). 
Clearly H, € o and H c; H,. Hence by maximality of H in C, H = H,. So, b € H for all 
b € I. Thus J = H and so I is periodically finitely generated. 


(3) => (1) : Let I, c 1, ... be an ascending chain of p-ideals of R. Suppose J = un 
Clearly / is a p-ideal of R. Hence by (3), Z is periodically finitely generated. Suppose that 
T= (a5 — au), for some a, € R, (i = 1, 2,...,m; m € N). So, there exists n € N such that 
a, € I, Vi and hence J = (an n ap) S Ip since 7, is a p-ideal of R. Consequently, 7, = J 
and so, J, = I, Vj 2 n. Thus, (1) follows. 


Proposition 4.7. Let R be a commutative semiring with absorbing zero such that each of its 
p-ideal is also a k-ideal. Then R is p-noetherian if and only if every p-prime ideal of R is 
peridocially finitely generated. 


Proof. If R is p-noetherian, then, by proposition 4.6, every p-prime ideal of R is priodically 
finitely generated. 


Conversely, let every p-prime ideal of R is periodically finitely generated. Suppose, if 
possible, the class c of all those p-ideals of R which are not periodicaly finitely generated 


is not empty. Let (7, : j € A} be a chain of elements of c. Then J = UR j» is a p-ideal 
which is not periodically finitely generated. In fact, if J = (dus an), for some a, € R, (i = 
1, 2, .... m; m € N), then there exists some I such that a, € I, Vi and then clearly we have 


I= (ay... ap) C I; (since J; is a p-ideal). Then J; = J which says that J) is periodically finitely 
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generated which is a contradiction, since lec and ¢ does not contain any periodically finitely 
generated p-ideal. Thus, by Zorn's lemma, c has a maximal element J). So, by proposition 
4.3, I; is a p-prime ideal, contradicting the hypothesis that all p-prime ideals of R are periodically 
finitely generated. Thus our assumption that c is non-empty, is false. So every p-ideal of R 
is periodically finitely generated. Thus by proposition 4.5, R is p-noetherian. 


5. p-PRIME RADICAL OF AN IDEAL 


Suppose Spec (R) denotes the set of all p-prime ideals of a semiring R. Let J be a proper ideal 
of the semiring R and VQ) ={He Spec,(R) : 1 c H}. Then by proposition 3.3, A VO) 
is a p-semiprime ideal of R. 

Definition 5.1. [2] For any proper ideal J of R, the p-semiprime ideal CV) is called the 
p-prime radical (simply the p-radical) of I and is denoted by 2/7 or Rad (D). 


Proposition 5.2. [2] Let I be an ideal of a commutative semiring R. Then 


JT = {a e R|a" e Î for som m e N}. 


The notion of p-radical of an ideal in a semiring is studied elaborately in [2]. In 
continuation to that, we present the next proposition, towards which we first require the 
following lemma. 


Lemma 5.3. For any ideal J of a commutative semiring R, if a € J, then for every n € 
N, there exist a € J and l, € N such that 
at + Lat en (dae Dat uot) 
where for nz 1,4, -(l * 1» —-1e€ N. 
Proof. We shall prove the result by using strong induction over IN. Since a € J, so there 
exist a € J and /, € N such that a + Ja = (J, + 1)a. So, (*) is true for n = 1. Suppose 
(*) is true for n = 1, 2, ..., m for some m 2 1. Then, a” + Ipa" = (I, + 1)a" 
=> qm. 1a". = (l, + l)a"a 
> a" e] ag"a + h(l, + Dat = (lp + Data + 40, + Dar 
= al +] aa la) + Hua"! = (1, + 1)a"(a. + ha) 
> ati + T + Dart! pamm (l, + 1X} + pant 
=> a" + (1 + D, * 1) Dart = (Q, + IX, + Dar 
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=> atl + (4 + yu + Daa = (4 + DPH + art! 
= atl wu pe a! ad + prta) 
= atl d. uter o + pat, 
Hence by strong induction (*) follows for all n e N. 
Proposition 5.4. Let I be an ideal of a commutative semiring R satisfying the condition that 


AI is periodically finitely generated. Then there exists a positive integer n such that a" € 
I, for anya e JT. 


Proof. Suppose that JT = J where J = (ajs ., a4) for some a, € R. For each 1 S i< k, 
there exists n, € N such that aj! ef (by proposition 5.2). Thus for each i, there exist p, 


€ N and x, e J such that x, + pa = (pi * la; . Suppose that p = max. {Pp Py s PR 
then we have 


x pat (pa (1) 


k 
Now let a € ĮI = J be arbitrary. Suppose that n = 2n . Then by lemma 5.3, there exist 


reRandle N such that 


(Era. tla" =(1+1)a” ... (2), 


i=] 


where / = 1, = (Il, + 1)" — 1. Now since R is commutative, so 


k n 
(Èra) = Efrona" .. 


k 
where the sum is taken over all k-tuples (h,,...,4,) satisfying Èh = n. We take m to denote 


the number of above mentioned A-tuples (as its exact expression in terms of n and k adds 


no merit to this proof). Let us fix a particular ordering of the summands in the sum of the 


right side of (3) and by that we consider the jth. summand (1 < j < m) as K = Ana" à 
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k 
(au^ . Since Lh = n, so there is hj 2 n, for at least one index l. Then from (1), we have 
j= 


xia ^ + pay" = (p+ la = xal rfl + patr? = (p+ lar" 

=> xia) "n! + plan)” = (p+ Nan)" 

= (zilan (ab rh). (air } + A(ay)*...(ain)"..-(agrg)"*) 
= (p + fan)" (am) (a5. *) 


i —n, fh h 
=> TIR WT (zan) tar "y ! (agra) k ) + pK; — (p + DK; 
= there exists for each j, an element. 
! h - 
aj = go ge ntn) (a mn) e 1 


(since x, € I for each i) such that a, + pK, = (p + DK, 


m k " k " 
m) zb =(p+ if Ena 
j= j= 


i=] 


€ m 
+(p+l)ia"” where &@= Da; el. 
jal 


n 
=> oO + of Eas] +(p+l)la” =(p+ Eno 
i=l i=l 


n n 
ZZ ee LA «| 
i=l inl 


=> a + p + Dat + la" = (p + IM + Na" > a + (pl + p + Da" = (pl + p + 14 Da" 


> a el. 
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ABSTRACT : By using gm-closed sets [35], we define gm-closed functions parallel to g-closed functions 
and obtain the unified properties of some modifications of g-closed functions. We obtain some preservation 
theorems of modifications of regular spaces and normal spaces. 
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1. INTRODUCTION 


The concept of generalized closed (g-closed) sets in a topological space was initiated by Levine 
[20] in 1970. These sets were also considered by Dunham [14] and Dunham and Levine [15]. 
Since then, many modifications of g-closed sets were introduced and investigated. among them, 
the following sets are well-known; ag-closed [10], gs-closed [9], gp-closed [4], gsp-closed [11], 
yg-closed [17]. Recently, the first author [35] of the present paper introduced the notion of 
gm-closed sets and tried to unify the above modifications of g-closed sets. Munshi and Bassan 
[29] nd Malghan [23] introduced the notion of g-closed functions in topological spaces. 
Moreover, functions called gs-closed [8], gp-closed [36], ag-closed [33], yg-closed [17], gsp- 
closed [17] are defined and investigated. 


The present authors [41], [42] introduced the notions of m-structures, m-spaces and m- 
continuity. In [38], the authors defined and investigated m-closed functions between a 
topological space and an m-space. In this paper, by using gm-closed sets we define gm-closed 
functions parallel to g-closed functions and obtain the unified properties of the above 
modifications of g-closed functions. Moreover, we define and investigate gM-closed, quasi gm- 
closed and pre-gM-closed functions. In the last section, we obtain some preservation theorems 
of modifications of regular spaces and normal spaces. 


2. PRELIMINARIES 


Let (X, 1) be a topological space and 4 a subset of X. The closure of 4 and the interior of 
A are denoted by Cl(4) and Int(A), respectively. 
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Definition 2.1. Let (X, t) be a topological space. A subset A of X is said to be 
(1) Semi-open [19] if 4 c Cldn(4), — - 
(2) preopen [24] if A c Int(Cl(4)); 
(3) a-open [31] if 4 c Int(Cl(Int(A))), 
(4) y-open [17] if A c Int(CI(4)) v Cl(Int/A)), 
(5) B-open [1] or semi-preopen [3]) if A c Cl(Int(CI(4)))). 
The family of all semi-open (resp. preopen, a-open, y-open, B-open) sets in (X, 1) is 


denoted by SO(X) resp. PO(X), a(X), YX), B(X) or SPO(X)). Among the above generalizations 
of open sets, the following implications are well-known: 


DIAGRAM I 


Open — a-open — preopen 
U Uc 


semi-open = y-open => semi-preopen 


Definition 2.2. The complement of a semi-open (resp. precpen, a-open, y-open, B-open) set 
is said to be semi-closed [7] (resp. preclosed [24], a-closed [25], y-closed [17], B-closed [1] 
or semi-preclosed [3]). 


Definition 2.3. The intersection of all semi-closed (resp. preclosed, a-closed, y-closed, B-closed) 
sets of X containing A is called the semi-closure [7] (resp. preclosure [16], a-closure [25], 
y-closure [17], B-closure [2] or semi-preclosure [3]) of A and is denoted by sCl(A) (resp. pCl(A), 
aCl(A), YCI(4), YCA), BCA) or spCI(A)). 


Definition 2.4. The union of all semi-open (resp. preopen, a-open, y-open, B-open) sets of 
X contained in A is called the semi-interior (resp. preinterior, a-interior, y-interior, B-interior 
or semi-preinterior) of A and is denoted by sInt(4) (resp. pInt(A), alnt(4), yInt(4), BInt(4) 
or spInt(A)). li 


Definition 2.5. A function f : (X, 1) > (Y, c) is said to be 


(1) semi-closed [32] (resp. preclosed [16], a-closed [25], y-closed [17], B-closed (1]) 
if AA) is semi-closed (resp. preclosed, a-closed, y-closed, B-closed) for each closed set 4 of 
X, 

(2) presemiclosed [18] (resp. M-preclosed [26], strongly a-closed [30], pre-B-closed [21]) 
if AA) is semi-closed (resp. preclosed, a-closed, B-closed) in Y for every semi-closed (resp. 
preclosed, a-closed, B-closed) set A of X, 


(3) quasi a-closed [30] if RA) is closed in Y for every a-closed set A of X. 
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3. MINIMAL STRUCTURES AND m-CLOSED FUNCTIONS 


Definition 3.1. a subfamily my of the power set AX) of a nonempty set X is called a minimal 
structure (briefly m-structure) on X [41] if 6 € my and X e my. 


By (X, my), we denote a nonempty set X with a minimal structure my on X and call 
it an m-space. Each member of my is said to be m ,-open (or briefly m-open) and the complement 
of an my-open set is said to be my-closed (or briefly m-closed). 


Remark 3.1. Let (X, t) be a topological space. Then the families x, SO(X), PO(X), a(X), y(X), 
and B(X) are all m-structures on X. 


Definition 3.2. Let (X, my) be an m-space. For a subset A of X, the m-closure of A and the 
m-interior of A are defined in [22] as follows: 


(1 mC(4) = A{F: ACE X\F emg, 
(2) mInt(4) = U{U: UC A, U e my}. 


Remark 3.2. Let (X, 1) be a topological space and 4 a subset of X. If my = t (resp. SO(X), 
PO(X), a(X), Y(X), B(X)), then we have 


(1) mCI(A) = CI(A) (resp. sCI(A), pCl(4), aCA), yCI(A), BECKA) or spCl(A)), 
(2) mInt(A) = Int(4) (resp. sInt(4), pInt(4), odnt(A), yInt(4), BInt(4) or splInt(4)). 


Lemma 3.1. (Maki et al. [22]) Let X be a nonempty set and my a minimal structue on X. 
For subsets A and B of X, the following properties hold: 


(1) mCI(X \ A) = X X mInt(4) and mlint(X \ 4) = X \ mCK(A), 

(2) If (X V A) € my, then mCI(4) = A and if A € my then mlnt(A) = A, 

(3) mCI(0) = 6, mCI(X) = X, mInt(0) = 6 and mint(X) = X, 

(4) If A c B, then mCl(4) c mCI(B) and mlnt(4) c mlInt(B), 

(5) A c mCI(A) and mint(A) c A, 

(6) mCl(mCl(4)) = mCl(4) and mlnt(mInt(4)) ^ mlInt(A). 
Definition 3.3. A minimal structure my on a nonempty set X is said to have property ® [22] 
if the union of any family of subsets belonging to m, belongs to my. 
Remark 3.3. Let (X, x) be a topological space. Then SO(X), PO(X), a(X), Y(X) and B(X) have 
property 8. 
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Lemma 3.2. (Popa and Noiri [42]) Let (X, my) an m-space, where my satisfies property 8. 
For a subset A of X, the following properties hold: 


(1) 4 € my if and only if mlnt(4) = A 
(2) A is my-closed if and only if mC\(A) = A 
(3) mInt(4) € my and mCKA) is my-closed. 


Definition 3.4. (1) A function f : (X, 1) — (Y, my) is said to be m-closed [38] if for each 
closed set F of (X, t), KF) is m-closed in (Y my). 


(2) A function f : (X, my) — (Y, my) is said to be M-closed [38] if for each m-closed 
set F of (X, my), KF) is m-closed in (Y, my). 


(3) A function f : (X, my) — (Y, c) is said to be quasi m-closed [38] if for each m- 
closed set F of (X, my), KF) is closed in (Y, o). 
Theorem 3.1. (Noiri and Popa [38]) For a function f : (X, t) — (X, my), where my has property 
8, the following properties are equivalent: 

(1) f is m-closed; 


(2) for each subset F of Y and each open set U of X with FQ c U, there exists V 
e my such that F c V and f (V) c U, 


(3) for each y € Y and each open set U of X such that f (y) c U, there existsV € 
my containing y such that f'U c Uu; ` 


(4) mCKAA)) c ACI(A)) for every subset A of X. 


Theorem 3.2. (Noiri and Popa [38]) For a function f : (X, my) — (X, my), where my has 
property ®, the following properties are equivalent: 


(1) f is M-closed; 


(2) for each subset F of Y and each U € my with f (F) c U, there exists V € my 
such that F c V and f (V) c U; 


(3) for each y € Y and each U € my with f (y) c U, there exists V € my containing 
y such that f (V) c U. 
Theorem 3.3. (Noiri and Popa [38]) A function f : (X, my) — (Y, my), where my and my have 
property B, is M-closed if and only if mCI(f(A)) c f(mCl(4)) for every subset A of X. 
Theorem 3.4. (Noiri and Popa [38]) For a function f: (X, my) > (XE my), where my has property 
B, the following properties are equivalent: 
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- (D) f is M-closed; 
(2) if U e my, then the set (y € Y : f (y) c U} is myopen in Y; 
(3) if F is my-closed, then the set (y € Y : f'0) A F #} is my-closed in Y. 


Theorem 3.5. (Noiri and Popa [38]) For a function f : (X, my) > (Y, o), the following properties 
are equivalent: 


(1) f is quasi m-closed; 


(2) for ech subset F of Y and each U € my with FG) c U, there exists an open set 
V of Y such that F c V and f (V) c U, 


(3) for each y € Y and each U € my with f ly) c U, there exists an open set V of 
Y containing y such that f (V) c U. 


Theorem 3.6. (Noiri and Popa [38] 4 function f : (X, my) > (X o), where my has property 
Q, is quasi m-closed if and only if CKf(A)) c AmCI(A)) for evry subset A of X. 


4. gm-CLOSED FUNCTIONS 
Definition 4.1. Let (X, 1 be a topological space. A subset 4: of X is said to be 

(1) g-closed [20] if Cl(4) c U whenever 4 c Uand Ue 1, ` 

(2) ag-closed [10] if a.Cl(4) c U whenever 4 c U and U e 1, 

(3) gs-closed [9] if sCI(4) c U whenever ie U and U et, 

(4) gp-closed [4] if pCl(4) c U whenever 4 c U and U e 1, 

(5) gsp-closed [11] if spCl(A) c U whenever A c U and U e 1, 

(6) yg-closed [17] if yCI(4) c U whenever 4 c U and U e 1. 


Definition 4.2. A subset 4 of a topological space (X, t) is said to be g-open (resp. gs-open, 
gp-open, ag-open, yg-open, gsp-open) if the complement of A is g-closed (resp. gs-closed, gp- 
closed, ag-closed, yg-closed, gsp-closed). 

The family of all g-open (resp. gs-open, gp-open, ag-open, yg-open, gsp-open) sets of 
a topological space (X, t) is denoted by GO(X) (resp. GSO(X), GPO(X), aGO(X), yGOCX), 
GSPO(X)). 


Definition 4.3. Let (X, t) be a topologica space and 4 be a subset of X. The intersection of 
all g-closed (resp. gs-closed, gp-closed, ag-clo «I, yg-closed, gsp-closed) sets of X containing 
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A is called the g-closure [14] (resp. gs-closure, gp-closure, ag-closure, yg-closure, gsp-closure) 
of A and is denoted by Cl,(A) (resp. sCl,(A), pCl,(A), aCl,(A), yCl,(4), spCl,(A)). 


Definition 4.4. Let (X, t) be a topologica space and A be a subset of X. the union of all g- 
open (resp. gs-open, gp-open, ag-open, yg-open, gsp-open) sets of X contained in A is called 
the g-interior [6] (resp. gs-interior, gp-interior, ag-interior, yg-interior, gsp-interior) of A and 
is denoted by Int,(A) [6] (resp. sInt,(A), pint,(4), alnt (4), yint (4), spint (4)). 
Remark 4.1. Let (X, x) be a topological space and 4 be a subset of X. 

(1) GO(X), GSO(X) GPO(X), aGO(X), YyGO(X) and GSPO(X) are all m-structures on 
X. Hence if we put my = GO(X) (resp. GSO(X), GPO(X), aGO(X), yGO(X), GSPO(X)), then 
we have 

(i) mCI(A) = CIA) (resp. sCl 4), PCI GD, aCl,¢4), CI D, spCl,(A)) 

(ii) mInt(4) = Int.(4) (resp. sInt. (4), pInt (4), alnt (4), yint (4), spInt,(4)). 

(2) If my = GO(X), then by Lemma 3.1 we obtain the results established in Theorem 
2.1 (4), (5) and Theorem 2.2 (2), (3), (5), (6) of [6]. 

(3) The m-structures GO(X), GSO(X), GPO(X), aGO(X), YGO(X) and GSPO(X) do nto 
satisfy property 8, in general. 


Definition 4.5. Let (X, 1) be a topological space and m, a minimal structure on X. A subset 
A is said to be generalized m-closed (briefly gm-closed) [35] if mCl(A) c U whenever 4 c 
U and U e 1. 


The complement of a gm-closed set is said to be gm-open. The family of all gm-open 
sets is denoted by GMO(X). Obviously, GMO(X) is an m-structure on X and is called a gm- 
structure on X. 


Remark 4.2. Let (X, t) be a topological space and my an m-structure on X. We put my = 


t (resp. SO(X), PO(X), a(X), a(X), B(X)). Then a gm-closed set is g-closed (resp. gs-closed, 
gp-closed, ag-closed, yg-closed, gsp-closed). i 


By Remrk 3.2 of [17], the following diagram holds: 
DIAGRAM II 
open — g-open => ag-open => gp-open 
Uc 4 


Bs-open => yg-open => gsp-open 
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Definition 4.6. A function f : (X, t) > (Y, c) is said to be g-closed [23] (resp. gs-closed [8] 
gp-closed [36], 5g-closed [33], yg-closed [17], gsp-closed [17] if AF) is g-closed (resp. gs- 
closed, gp-closed, ag-closed, yg-closed, gsp-closed) for each closed set F of X. 


Definition 4.7. Let (X, x) be a topological sapce and GMO(Y) a gm-structure on (Y, ©). A 
function f : (X, t) — (Y, o) is said to be gm-closed if f : (X, t) > (Y, GMO(Y)) is m-closed. 


Remark 4.3. (1) If GMO(Y) is GO(Y) (resp. GSO(Y), GPO(Y), aGO(Y), yGO(Y), GSPO(Y)) 
and a function f : (X, x) — (Y, c) is gm-closed, then we obtain Definition 4.6. 


(2) If t c my, then every closed function is gm-closed. The converse is not true by 
Remark 5.2 of [17]. 
Lemma 4.1. (Noiri and Popa [38]) Let ml and my be two m-structures on a nonempty set 
Y if mt c m? and a function f : (X, my) > (Y, ml) is M-closed, then f : (X, my) > (Y, mj. 
is M-closed. 


Corollary 4.1. Let (X, t) and (Y, o) be topological spaces. If GM!O(Y) c GM?O(Y) and f 
: (X, t) > (F, o) is gml-closed, then f is gn?-closed. 


By Corollary 4.1, for a function f : (X, t) > (Y, c) we obtain the following Diagram 
established in Remark 5.2 of [17]: 


DIAGRAM W 
_ closed => g-closed = ag-closed => gp-closed 
U 4 


gs-closed => yg-closed => gsp-closed 


Definition 4.8. Let (X, t) be a topological space and GMO(X) a gm-structure on X. For a 
subset A of X, the gm-closure of A and the gm-interior of A are defined as follows: 


(1) mC1,(4) -n(F:AcCEXNF e GMO(X)), 
(2) mint,(4) = U(U : U c A, U e GMO(X)). 
By Definition 4.7 and Theorem 3.1, we obtain the following theorem. 


Theorem 4.1. Let (X, x) and (Y, o) be topological spaces and GMO(Y) a gm-structure on 
Y. For a function f : (X, x) — (Y, o), the following properties are equivalent: 


(1) f is gm-closed; 


(2) for each subset F of Y and each open set U of X with f (F) c U, there exists V 
€ GMO(Y) such that F c V and f (V) c U; 
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(3) for each y € Y and each open set U of X such that f (y) c U, there exists Ve 
GMO(?) containing y such that f (V) c U; 


(4) mCI,((4)) c ACK(A)) for every subset A of X. 1 


Remark 4.4. If GMO(Y) = GO(Y) (resp. GSO(Y), GPO(Y), aGO(Y)), then by The-orem 4.1 
we obtain the results established in Theorem 1.13 of [23] and Theorem 1 of [5] (resp. Theorem 
4.5 of [8], Theorem 1 of [36], Theorem 5.5 of [17]). 


Definition 4.9. Let (X 1) and (Y, c) be topological spaces and GMO(X) (resp. GMO(Y)) be 
a gm-structure on X (resp. Y). A function f : X, 1) — (Y, c) is said to be gM-closed in the 
sense of Munshi and Bassan [29] (resp. gsM-closed, gpM-closed, agM-closed, ygM-closed, 
gspM-closed) if KF) is g-closed (resp. gs-closed, gp-closed, ag-closed, yg-closed, gsp-closed) 
for each g-closed (resp. gs-closed, gp-closed, ag-closed, yg-closed, gsp-closed) set F of X. 
Definition 4.10. Let (X, 1) and (Y, c) be topologial spaces and GMO(X) (resp. GMO(Y)) be 
a gm-structure on X (resp. Y). A function f : (X, t) > (Y, c) is said to be gM-closed if f : 
(X, GMO(X)) > (Z GMO(Y)) is M-closed. i 

Remark 4.5. If GMO(X) is GO(X) (resp. GSO(X), GPO(X), aGO(X), yGO(X), GSPO(X)), 
GMOX(Y) is GO(Y) (resp. GSO(Y), GPO(Y), aGO(Y), YGO(Y), GSPO(Y)) and a function f : 
(X, t) > (Y, c) is gM-closed, then by Definition 4.10 we obtain Definition 4.9. 
Corollary 4.2. Let (X, t) and (Y, c) be topological spaces, GMO(X) a gm-structure on X and 
GM!O(Y) and GM2O(Y) gm-structures on Y. If GM!O(Y) c GM?O(Y) and f : (X, 1x) > (Y, 
c) is gM'-closed, then f is gM?-closed. 

Proof. This follows from Lemma 4.1. 


By Corollary 4.2, for a function f : (X, t) — (Y, o) we obtain the following Diagram: 


DIAGRAM IV 
gM-closed — agM-closed — gpM-closed 
y y 


gsM-closed => ygM-closed => gspM-closed 
By Definition 4.10, Theorems 3.2, 3.3 and 3.4, we obtain the following theorems: 


Theorem 4.2. Let (X, 1) and (Y, o) be topological spaces and GMO(X) (resp. GMO(Y)) be 
a gm-structure on X (resp. Y), where GMO(Y) has property B. For a function f : (X, x) > 
(Y, o), the following properties are equivalent: 
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(1) f is gM-closed; 


(2) for each subset F of Y and each U e GMO(X) with f (F) c U, there exists V € 
GMO(Y) such that F c V and f (V) c U; l 


(3) for each y € Y and each U e GMO(X) with f (y) c U, there exists V € GMO(Y) 
containing y such that f (V) c U. 


Theorem 4.3. Let (X, x) and (Y, o) be topological spaces, GMO(X) (resp. GMO(Y)) be a gm- 
structure on X (resp. Y), where GMO(X) and GMO(Y) have property 8. Then a function f: 
(X, 1) > (Y, o) is gM-closed if and only if mCI,(f(4)) c KmC1,(A)) for every subset A of 
x. 

Theorem 4.4. Let (X, x) and (Y, 6) be topological spaces and GMO(X) (resp. GMO(Y)) be 
a gm-structure on X (resp. Y), where GMO(Y) has property ®. Then for a function f : (X, 
t) — (Y, o), the following properties are equivalent: 


(1) f is gM-closed; 
(2) if U e GMO(X), then the set (y € Y : f (y) c U} is gm-open in Y; 
(3) if F is gm-closed in X, then the set (y € Y : f (y) A F = 9) is gm-closed in Y. 


Definition 4.11. Let (X, t) and (Y, a) be topological spaces, my an m-structure on X and GMO(Y) 
be a gm-structure on Y. A function f : (X, t) > (Y, c) is said to be pre-g-closed (resp. pre- 
gs-closed, pre-gp-closed [36], pre-ag-closed, pre-yg-closed, pre-gsp-closed) if RF) is g-closed 
(resp. semi-closed, preclosed, a-closed, y-closed, B-closed) set F of X. 

Definition 4.12. Let (X, x) and (Y, o) be topological spaces, my an m-structure on X and GMO(Y) 
a gm-structure on Y. A funtion f : (X, t) (Y, o) is said to be pre-gM-closed if f : (X, my) 
— (Y GMO(Y)) is M-closed. 

Remark 4.6. Let (X, 1) and (Y, o) be topological spaces, my an m-structure on X and GMO(Y) 


a gm-structure on Y. If my is t (resp. SO(X), PO(X), a(X), Y(X), B(X)), GMO(Y) is GO(Y) 
(resp. GSO(Y), GPO(Y), aGO(Y), yGO(Y), GSPO(Y)) and a function f : (X, t) > (Y, c) is 
pre-gM-closed, then by Definition 4.12 we obtain Definition 4.11. 


Lemma 4.2. (Noiri and Popa [38]) Let ml and my be two m-structures on a nnempty set 


X. If ml c m^ and a function f : (X,m&) —> (% my) is M-closed, then f : (X,ml) > 
(Y. my) is M-closed. 


Corollary 4.3. Let (X, t) and (Y, c) be topological spaces, mk, mt be two m-structures on 
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X and GMO(Y) a gm-structure on Y. If my c my and a function f : (X, t) — (Y, c) is pre- 
gM-closed, then f is pre-gM!-closed. 
By Corollary 4.3., for a function f : (X, x) > (Y, 6) we obtain the following Diagram: 
DIAGRAM V 
pre-gsp-closed => pre-yg-closed — pre-gs-closed 
U y 


pre-gp-closed => pre-ag-closed => pre-g-closed 
By Definition 4.12, Theorems 3.2 and 3.3, we obtain the following theorems: 


Theorem 4.5. Let (X, x) and (Y, o) be topological spaces, my an m-structure on X and GMO(Y) 
a 5m-structure on Y with property 8. Then for a function f : (X, 1) — (Y, o), the following 
properties are equivalent: 

(1) f is pre-gM-closed. 

(2) for each subset F of Y and each U € my with f HF) c U, there exists V € GMO(Y) 
such that F c V and f (V) c U, 

(3) for each y € Y and each U € my with f (y) c U, there exists V € GMO(Y) containing 
y such that f (V) c U. 
Remark 4.7. If my = PO(X) and GMO(Y) = GPO(Y), then by Theorem 4.5 we obtain the 
result established in Theorem 1 of [36]. 


Theorem 4.6. Let (X, t) and (Y, o) be topological spaces, my an m-structure on X with property 
8 and GMO(Y) a &m-structure on Y with property &. Then a function f : (X, t) > (Y, o) 
is pre-gM-closed if and only if mCI,(f(4)) c f(imCl(A)) for every subset A of X. 


Theorem 4.7. Let (X, 1) and (Y, o) be topological spaces, my an m-structur on X and GMO(Y) 
a gm-structure on Y with proerty &. Then for a function f : (X, x) — (Y, 0), the following 
properties are equivalent: 


(1) f is pre-gM-closed; 
(2) if U € my then the set (y € Y : f (y) c U} is gm-open in Y; 
(3) if F is m-closed in X, then the set (y e Y : f (y) ^ F + 9) is gm-closed in Y. 


Definition 4.13. Let (X, t) and (Y, o) be topological spaces and GMO(X) a gm-structure 
on X. a function f : (X, x) — (Y, co) is said to be quasi gm-closed if f : (X, GMO(X)) 
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— (Y, c) is quasi m-closed, equivalently if fF) is closed in Y for each gm-closed set F 
of X. 


Remark 4.8. Let (X, t) be a topological spaces. If GMO(X) = GO(X) (resp. GSO(X), GPO(X), 
aGO(X), yGO(X), GSPO(X)) and f : (X, 1) > (Y, o) is quasi gm-closed; then f is quasi g- 
closed (resp. quasi gs-closed, quasi gp-closed, quasi ag-closed, quasi yg-closed, quasi gsp- 
closed). 
Corollary 4.4. Let (X, X) and (Y, c) be topological spaces, GM!O(X), GM?O(X) be two gm- 
structures on X. If GM!O(X) c GM?O(X) and a function f : (X, 1) > (X, c) is quasi gM?- 
closed, then f-is quasi gM'-closed. 
Proof. The proof follows from lemma 4.2. 

By corollary 4.4, for a function f : (X, t) > (Y, o) we obtain the following Diagram: 

DIAGRAM VI 


quasi gsp-closed — quasi yg-closed => quasi gs-closed 
y y 


quasi gp-closed — quasi ag-closed — quasi g-closed 


+ 


By Theorems 3.3, 3.4 and 3.5, we obtain the following theorems : 


Theorem 4.8. Let (X, x) and (Y, c) be topological spaces and GMO(X) be a gm-structure 
on X. For a function f : (X, x) > (Y, o), the following properties are equivalent: 

(1) f is quasi gm-closed; 

(2) for each subset F of Y and each U e GMO(X) with f (F) € U, there exists an 
open set V of Y such that F c V and f (V) c U, 


(3) for each y € Y and each U e GMO(X) with f (y) c U, there exists an open set 
V of Y containing y such that f (V) c U. 


Theorem 4.9. Let (X, x) and (Y, o) be topoogical spaces and GMO(X) be a gm-structure on 
X with property B. Then a funtion f : (X, t) — (Y, o) is quasi gm-closed if and only if CKf(A)) 
c fmCl.(4)) for every subset A of X. 

Theorem 4.10. Let (X, t) and (Y, o) be topological spaces and GMO(X) a gm-structure on 
X with property B. Then for a function f : (X, X) > (Y, o), the following properties are equivalent: 


(1) f is quasi gm-closed; 
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(2) if U e GMO(X), then the set (y € Y : f (y) c U} is open in Y; 
(3) if F is gm-closed in X, then the set (y € Y : f (y) ^ F + 9) is closed in Y. 


5.. PRESERVATIONS OF m-REGULARITY AND m-NORMALITY 


Theorem 5.1. Let (X, 1) and (Y, o) be topological spaces, my an m-structure on X with property 
B and GMO(Y) a gm-structure on Y. If a function f : (X, t) — (Y, o) is continuous pre-gM- 
closed and A is gm-closed in X, then f(A) is gm-closed in Y. 


Proof. Let V be any open set of Y containing XA). Then A c f'(V) and f" (V) is open in 
X because fis continuous. Since A is gm-closed in X, mCI(A) c f (V) and hence A4) c AmE) 
c F. Since my has property 8, by Lemma 3.2 mCI(A) is m-closed in X. Since f is pre gM- 
closed, {mCI(A)) is gm-closed in Y and hence mCl(f(A)) c mCl(AmCI(A))) c V. This shows 
that fA) is gm-closed in Y. 

Remark 5.1. If my = 1 (resp. SO(X), PO(X)) and GMO(Y) = GO(Y) (resp. GSO(Y), GPO(Y)), 
then by Theorem 5.1 we obtain the result of Theorem 1.4 of [23] resp. Theorem 4.6 (ii) (iii) 
of [8], Proposition 3 of [36]). 

Definition 5.1. An m-space (X, my) is said to be m-regular [43] if for each m-closed set F 
and each x € E there exist disjoint m-open sets U and V such that x € U and F c V. 
Remark 5.2. Let (X, t) be a topological space and my = t (resp. SO(X), PO(X), B(X)). Then 
m-regularity coincides with regularity (resp. semi-regularity [12], pre-regularity [40], semi- 
preregularity [34]). 

Definition 5.2. Let (X, 1) be a topological spaces and GMO(X) a gm-structure on X. Then 
(X, 1) is said to be gm-regular if (X, GMO(X)) is m-regular. 

Remark 5.3. Let (X, t) be a topological spaces. If GMO(X) = GO(X), we obtain the definition 
of a G-regular space [28]. 

Definition 5.3. A function f : (X, my) — (XY, my) is said to be M-continuous [41] if for each 


x € X and each V e my containing f(x), there exists U € my containing x such that KU) 
c F. 


Definition 5.4. Let (X, t) and (Y, c) be topological spaces and GMO(X) (resp. GMO(Y)) a 
gm-structure on X (resp Y). A function f : (X, 1) > (Y, o) is said to be gM-continuous if f: 
(X, GMO(X)) > (X GMO(Y)) is M-continuous. 
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Definition 5.5. a function f : (X, my) > (Y, my) is said to be M-open [27] if for each U e 
my, KU) € my. 

Definition 5.6. Let (X, t) and (Y, c) be topological spaces and GMO(X) (resp. GMO(Y)) a 
gm-structure on X (resp Y). A function f : (X, x) — (Y, c) is said to be gM-open if f : (X, 
GMO(X)) > (Y, GMO(Y)) is M-open. 

Lemma 5.1. (Noiri and Popa [38]) 7f f : (X, my) > (Yr my), where my and my have property 
8, is an M-continuous, M-open and M-closed surjection and (X, m y) is m-regular, then (Y, 
my) is m-regular. 

Theorem 5.2. Let (X, x) and (Y, ©) be topological spaces and GMO(X) (resp. GMO(Y)) a 
gm-structure on X (resp. Y) having property B. Iff : (X, x) — (Y, o) is a gM-continuous, gM- 
open and gM-closed surjection and (X, X) is gm-regular, then (Y, c) is gm-regular. 


Proof. The proof follows from Lemma 5.1. 


Remark 5.4. If GMO(X) = GO(X) and GMOX(Y) = GO(7), then by Theorem 5.2 we obtain 
the result of Theorem 3.4 of [37]. 

Lemma 5.2. (Noiri and Popa [38]) If f : (X, my) — (Y, my), where my has property B, is 
an M-continuous and M-closed injection and (Y, My) is m-regular, then (X, my) is m-regular. 
Theorem, 5.3. Let (X, 1) and (Y, o) be topological spaces and GMO(X) (resp. GMO(Y)) a 
gm-structure on X (resp. Y), where GMO(X) has property B. If f : (X, x) > (Y, o) is a gM- 
continuous and gM-closed injection and (Y, c) is gm-regular, then (X, 1) is gm-regular. 


Proof. The proof follows from Lemma 5.2. : 


Definition 5.7. A function f : (X, 1) — (Y, my) is said to be (t, m)-continuous [43] if for each 
x € X and each V e my containing f(x), there exists an open set U containing x such that 
KU) c V. l 

Definition 5.8. Let (X, 1) and (Y, c) be topological spaces and GMO(Y) a gm-structure on 
Y. A function f : (X, t) — (Y, c) is said to be (t, gm)-continuous if f : (X, t) > (Y, GMO(Y)) 
is (t, m)-continuous. 

Lemma 5.3. (Noiri and Popa [38]) If f : (X, t) > (E my), where my has property B, is a 
(x, m)-continuous and m-closed surjection with compact point inverses and (X, 1) is regular, 
then (Y, my) is m-regular. 


128 TAKASHI NOIRI AND VALERIU POPA 


Theorem 5.4. Let (X, t) and (Y, c) be topological spaces and GMO(Y) a gm-structure on 
Y having property B. If f : (X, t) — (Y, o) is a (v, gm)-continuous and gm-closed surjection 
with compact point inverses and (X, 1) is regular, then (Y, my) is gm-regular. 

Proof. The proof follows from lemma 5.3. 

Definition 5.9. An m-space (X, my) is said to be m-normal [38] if for each pair of disjoint 
m-closed sets F,, F, of X, there exist U,, U, € my such that F, c U,, F c U, and U, ^ 
U, = 9. 


Remark 5.5. Let (X, 1) be a topological space and my = t (resp;. SO(X), PO(X), B(X)). Then 
m-normality coincides with normality (resp. semi-normality [13], pre-normality [39], B- 
normality [21]). 


Definition 5.10. Let (X, 1) be a topologial space and GMO(X) a gm-structure on X. Then (X, 
1) is sid to be gm-normal if (X, GMO(X)) is m-normal. 

Lemma 5.4. (Noiri and Popa [38]) Jf f : (X, my) — (Y, my), where my and my have property 
8, is an M-closed and M-continuous surjection and (X, my) is m-normal, then (Y, my) is m- 
normal. 

Theorem 5.5. Let (X, t) and (Y, o) be topological spaces and GMO(X) (resp. GMO(Y)) a 
gm-structure on X (resp. Y) having property B. If f : (X, t) — (Y, o) is a gM-continuous and 
gM-closed surjection and (X, 1) is gm-normal, then (Y, o) is gm-normal. f 

Proof. The proof follows from Lemma 5.4. 

Lemma 5.5. (Noiri and Popa [38]) Jf f : (X, my) > (¥ my), where my has property a gm- 
structure on X (resp. Y), where GMO(X) has property B. Iff: (X, t) — (Y, 6) is a gM-continuous 
and gM-closed injection and (Y, o) is gm-normal, then (X, 1) is gm-normal. 

Proof. The proof follows from Lemma 5.5. 
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